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1 Summary of Moon and Perron (2003)

This note contains the omitted proofs of Moon and Perron (2003). The notation used in
this note is identical to that of Moon and Perron.

1.1 A Simple Model

The model:

zit = αi + z
0
it (1)

z0it = ρiz
0
it−1 + yit,

where z0i0 = 0 for all i.
Assume

ρi = 1−
θi√
nT
, (2)

where θi is a non-negative random variable.

Assumption 1 The random variables θi are iid with mean µθ and a Þnite fourth mo-
ment, and they are deÞned on [0, M̄θ].

With this assumption, the hypotheses we will consider are

H0 : µθ = 0.
∗We appreciate the comments from the seminar participants at UC Riverside, University of Pennsyl-

vania, and Université de Montréal. We wish to thank Francis Diebold, Gloria Gonzales-Rivera, Soyoung
Kim, Peter Phillips, Frank Schorfheide, and Mark Watson for comments and discussions.
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against the local alternative

H01 : µθ > 0.

Under Assumption 1, the null hypothesis is equivalent to

H0 : θi = 0 for all i.

To model the correlation among the cross-sectional units, we will assume that the error
term in (1) follows an approximate factor model:

yit = β
00
i f

0
t + eit, (3)

where f0t areK−vectors of unobservable random factors, β0i are nonrandom factor loading
coefficient vectors (K−vector), eit are idiosyncratic shocks, and the number of factors K
is unknown.

Assumption 2 (i) eit =
P∞
j=0 dijvit−j , where vit are iid(0, 1) across i and over t, have

a Þnite eighth moment.

(ii) Let κ8 = E
¡
v8it
¢
. Then, infi

P∞
j=0 dij > 0.

(iii) Let d̄j = supi |dij | .Then,
P∞
j=0 j

md̄j <M for some m > 1.

Assumption 3 (i) f0t =
P∞
j=0 cjut−j , where cj are K×K matrices of real numbers and

the K-vectors ui are iid(0, IK) across i and over t.

(ii)
P∞
j=0 j

m kcjk <M for some m > 1.

Assumption 4 θi, ut, and vjs are independent.

Assumption 5 1 ≤ K ≤ K̄ <∞, where K̄ is known.

Assumption 6 As n→∞, 1n
Pn
i=1 β

0
iβ

00
i → Σβ > 0.

Assumption 7 As T →∞, 1T
PT
t=1 f

0
t f

00
t →p Σf > 0.

DeÞne σ2e,i =
P∞
j=0 d

2
ij , ω

2
e,i =

³P∞
j=0 dij

´2
, and λe,i =

P∞
l=1

P∞
j=0 dijdij+l. In this

notation, σ2e,i signiÞes the variance of eit, ω
2
e,i the long-run variance of eit, and λe,i the

one-sided long-run variance of eit.

Assumption 8 As n→∞,
(i) ω2e

let
= limn

1
n

Pn
i=1 ω

2
e,i (> 0) is well deÞned.

(ii) φ4e
let
= limn

1
n

Pn
i=1 ω

4
e,i (> 0) is well deÞned.

(iii) σ2e
let
= limn

1
n

Pn
i=1 σ

2
e,i (> 0) is well deÞned.

Assumption 9 supiE
¡
α2i
¢
<∞

We now deÞne our matrix notation: DeÞne

y =
³
y
1
, ..., y

T

´
, y

i
= (yi1, ..., yiT )

0
,

e = (e1, ..., en) , ei = (ei1, ..., eiT )
0
,

Z = (Z1, ..., Zn) , Zi = (zi1, ..., ziT )
0 ,

Z−1 =
¡
Z−1,1, ..., Z−1,n

¢
, Z−1,i = (zi0, ..., ziT−1)

0
,

Z0 =
¡
Z01, ..., Z

0
n

¢
, Z0i =

¡
z0i1, ..., z

0
iT

¢0
,

Z0−1 =
¡
Z0−1,1, ..., Z

0
−1,n

¢
, Z0−1,i =

¡
z0i0, ..., z

0
iT−1

¢0
,

f0 =
¡
f01 , ..., f

0
T

¢0
; β0 =

¡
β01, ...,β

0
n

¢0
.
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DeÞne

ρ (L) = diag (ρ1L, ...,ρnL) ,

where L denotes a lag operator. Write lT = (1, ..., 1)0 , T × 1 vector of ones. Using our
matrix notation, we rewrite the model as

Z = lTα
0 + Z0, (4)

Z0 (In − ρ (L)) = f0β00 + e.

1.1.1 Pooled Estimators and Their Asymptotics

DeÞne the pooled autoregressive estimator:

�ρpool =
tr
¡
Z0−1Z

¢
tr
¡
Z0−1Z−1

¢ .
Lemma 1 Suppose that Assumptions 1 � 9 hold. Then, as (n, T →∞) , under the null
of unit root,

T
¡
�ρpool − 1

¢⇒ 1
2 tr

¡
Bf (1)Bf (1)

0 Σβ
¢
+ 1

2ω
2
e − 1

2 tr (ΣfΣβ)− 1
2σ

2
e

tr
³R 1

0
Bf (r)Bf (r)

0
dr
´
Σβ +

1
2ω

2
e

.

DeÞne

�ρ+pool =
tr
¡
Z−1Qβ0Z0

¢− nTλne
tr
¡
Z−1Qβ0Z0−1

¢ , (5)

λne =
1
n

Pn
i=1 λe,i. DeÞne Θ = diag (θ1, ..., θn) . Now to Þnd the asymptotic distribution

of �ρ+pool, we write by deÞnition that

√
nT
³
�ρ+pool − 1

´
=

√
n
¡
1
nT tr

¡
Z−1Qβ0 (Z − Z−1)0

¢− λne ¢
1
nT2 tr

¡
Z−1Qβ0Z0−1

¢
=

√
n

µ
1
nT tr

µ
Z−1Qβ0

³
− 1√

nT
ΘZ0−1 + y

´0¶
− λne

¶
1
nT2 tr

¡
Z−1Qβ0Z0−1

¢
= −

1
nT2 tr

¡
Z−1Qβ0ΘZ00−1

¢
1
nT2 tr

¡
Z−1Qβ0Z0−1

¢ +

√
n
¡
1
nT tr

¡
Z0−1Qβ0e0

¢− λne ¢
1
nT2 tr

¡
Z−1Qβ0Z0−1

¢ .

Lemma 2 Suppose that Assumptions 1 � 9 hold. Assume that (n, T →∞) with n
T → 0.

Then, the following holds.
(a) 1

nT2 tr
¡
Z−1Qβ0Z0−1

¢→p
1
2ω

2
e.

(b) 1
nT2 tr

¡
Z−1Qβ0ΘZ00−1

¢→p
1
2µθω

2
e.

(c)
√
n
¡
1
nT tr

¡
Z0−1Qβ0e0

¢− λne ¢⇒ N
¡
0, 12φ

4
e

¢
.

Using the results in Lemma 2, we can derive the asymptotic distribution of
√
nT
³
�ρ+pool − 1

´
as follows.
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Theorem 1 Suppose that Assumptions 1 � 9 hold. Assume that (n, T →∞) with n
T → 0.

Then,

√
nT
³
�ρ+pool − 1

´
⇒ N

µ
−µθ,

2φ4e
ω4e

¶
.

1.1.2 Panel Unit Root Test Statistics and Their Asymptotics

In view of Theorem 1 and Lemma 2 in the appendix, we may deduce that

√
nT
³
�ρ+pool − 1

´
q

2φ4e
ω4e

⇒ N

Ã
−µθ

s
ω4e
2φ4e

, 1

!
(6)

and

√
nT
³
�ρ+pool − 1

´s 1

nT 2
tr
¡
Z−1Qβ0Z

0−1
¢ ω2e
φ4e
⇒ N

Ã
−µθ

s
ω4e
2φ4e

, 1

!
(7)

as (n, T →∞) with n
T → 0.

Estimation of β0

To estimate β0i , we use the principal component method. In model (??) , since the
error term yit is not observable, we use the residual

�y = Z − �ρpoolZ−1.

To estimate β0 and f0, we minimize

VnT (f,β,K) =
tr
³¡
�y − fβ0¢ ¡�y − fβ0¢0´

nT

with respect to β0β
n = IK or f 0f

T = IK . With the normalization
β0β
n = IK , we have the

estimated factor loading matrix β̄K that is a (n×K) matrix of
√
n times the eigenvectors

corresponding to the K largest eigenvalues of �y0�y. Then, we obtain an estimator of the
factor, f̄K = 1

n �yβ̄K . On the other hand, if we use the normalization
f 0f
T = IK , we have the

estimated factor ÿfK that is a (T ×K) matrix of
√
T times the eigenvectors corresponding

to the K largest eigenvalues of �y�y0, and the estimated factor loading ÿβK =
1
T �y

0 ÿfK . DeÞne

�βK =
ÿβK

Ã
ÿβ
0
K
ÿβK
n

!1/2
, (8)

a re-scaled estimator of the factor loading1. This is the estimator of β0 that we will use
in deÞning a panel unit root test statistic.
The following lemma shows that the projection matrix Q�βK is consistent and Þnds its

convergence order.

1The rescaled estimator studied in Bai (2001) is β̄K
³
f̄ 0K f̄K
T

´−1/2
.
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Lemma 3 Suppose that Assumptions 1 � 9 hold. Assume that (n, T →∞) with n
T → 0.

Then, °°°Q�βK −Qβ0°°° = Op
µ
max

µ
1√
n
,
1√
T

¶¶
.

Estimation of the long-run variances

In order to implement the t-statistics in (6) and (7) , we also need consistent estimators,

say �λ
n

e , �ω
2
e, and �φ

4

e, for λ
n
e , ω

2
e, and φ

4
e, respectively, satisfying

√
n
³
�λ
n

e − λne
´

= op (1) , (9)

�ω2e − ω2e = op (1) , (10)

and

�φ
4

e − φ4e = op (1) . (11)

In this section we propose estimators of λne , ω
2
e, and φ

4
e that satisfy these conditions.

Let �eit denote the (t, i)
th element of �e = �yQ�βK . DeÞne the sample covariances

�Γi (j) =
1
T

P
t �eit�eit+j , where the summation

P
t is deÞned over 1 ≤ t, t + j ≤ T. To deÞne the

estimators of the long-run variances λne , ω
2
e, and φ

4
e, we use the following kernel estimators

of λe,i and ω2e,i,

�λe,i =
T−1X
j=1

w

µ
j

h

¶
�Γi (j) (12)

�ω2e,i =
T−1X

j=−T+1
w

µ
j

h

¶
�Γi (j) , (13)

where w (·) is a kernel function and h is a bandwidth parameter. DeÞne

�λ
n

e =
1

n

nX
i=1

�λe,i, �ω
2
e =

1

n

nX
i=1

�ω2e,i, and �φ
4

e =
1

n

nX
i=1

�ω4e,i. (14)

In order for the estimators �λ
n

e , �ω
2
e, and �φ

4

e to satisfy the desirable properties in (9)− (11) ,
we need the following assumptions on the kernel function and the bandwidth parameter.

Assumption 10 (Restriction on the convergence rate of n and T ). The size of the panel
(n,T ) tends to inÞnity with lim inf

(n,T→∞)

log T
logn > 1.

DeÞne a = lim inf
(n,T→∞)

log T
logn . The parameter a is related to the speed of

n
T tending to zero.

The restriction a > 1 implies that (n, T →∞) with n
T → 0 because for n, T large,

n

T
= elogn−logT = e(1−

logT
logn ) logn = n(1−

logT
log n ) ≤ n(1−a) → 0.

The above assumption allows the parameter a to be inÞnity.
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Assumption 11 (Kernel Conditions) The kernel function w (·) : R→ [0, 1] is continuous
at zero and all but a Þnite number of other points, satisfying

(i) w (0) = 1, w (x) = w (−x) ,
Z ∞

−∞
w (x)2 dx < M,

(ii) wq = lim
x→0 [1−w (x) / |x|

q] <∞

for some 0 < q ≤ m, where parameter m is deÞned in Assumptions 2 and 3.

Assumption 12 (Kernel Conditions∗) The kernel function w (·) satisÞes the kernel con-
ditions in Assumption 11 as well as

(iii) max
½
1,

1

a− 1
¾
< q.

Assumption 13 (Bandwidth Conditions) The bandwidths hλ, hω, and hφ tend to inÞnity
satisfying the following conditions.
(a) hλ ∼ nb with 1

2q < b < min
n
a−1
2 ,

a
q ,

1
2

o
.

(b) For 0 < q < 1, hω ∼ nb with 0 < b < min
©
1, a2

ª
. For q ≥ 1, hω ∼ nb with

0 < b < min
n
1, a2 ,

a
q

o
.

(c) For 0 < q < 1, hφ ∼ nb with 0 < b < 1
4 . For q ≥ 1, hφ ∼ nb with 0 < b <

min
n
1
4 ,

a
q

o
.

Lemma 4 Suppose that Assumptions 1 � 10 hold.
(a) If the kernel window satisÞes Assumption 12 and the bandwidth hλ satisÞes As-

sumption 13(a), then,

√
n
³
�λ
n

e − λne
´
= op(1).

(b) If the kernel window satisÞes Assumption 11 and the bandwidth hω satisÞes As-
sumption 13(b), then

�ω2e − ω2e = op (1) .
(c) If the kernel window satisÞes Assumption 11 and the bandwidth hφ satisÞes As-

sumption 13(c), then

�φ
4

e − φ4e = op (1) .
In view of (6) and (7) , using (8) and (14) , we may deÞne the following t− statistics

for the unit root null:

t∗a =
√
nT
¡
�ρ∗pool − 1

¢r
2�φ

4
e

�ω4e

,

6



and

t∗b =
√
nT
¡
�ρ∗pool − 1

¢r 1

nT 2
tr
³
Z−1Q�βKZ

0−1
´Ã �ωe

�φ
2

e

!

where

�ρ∗pool =
tr
³
Z−1Q�βKZ

0
´
− nT �λne

tr
³
Z−1Q�βKZ

0−1
´ .

Theorem 2 Suppose that Assumptions 1 � 13 hold. Then, under the null hypothesis,

t∗a, t
∗
b ⇒ N

Ã
−µθ

s
ω4e
2φ4e

, 1

!
.

1.1.3 Estimation of the Number of Factors

In this section we discuss how to obtain a consistent estimator of the unknown number
of factors, K. Now for a given (n× r) matrix βr, let

WnT (βr, r) = min
fr

tr
³¡
�y − frβ0r

¢ ¡
�y − frβ0r

¢0´
nT

=
tr
¡
�y0Qβr �y

¢
nT

.

To estimate the true number of factors, K, Bai and Ng (2002) propose to maximize the
following criterion function,

PC (r) = WnT

³
�βr, r

´
+ rGnT ,

IC (r) = ln
³
WnT

³
�βr, r

´´
+ rGnT ,

where the penalty function Gn,T satisÞes (i) Gn,T → 0 and (ii) min {n, T}Gn,T →∞. as
(n,T →∞).
Theorem 3 Suppose that Assumptions 1 � 9 hold and (n, T →∞) following Assumption
10. Let

�K = argmin
1≤r≤K̄

PC (r) , ÿK = argmin
1≤r≤K̄

IC (r) .

Then, under the null of unit root,

(a) plim1
n
�K = K

o
= 1 and (b) plim1

©
ÿK = K

ª
= 1.

1.2 A Model with Incidental Trends

In this section, we extend our analysis and consider the dynamic panel model with deter-
ministic trends:

zit = α0kigkt + z
0
it (15)

z0it = ρiz
0
it−1 + yit,
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where

g0t = 1 and g1t = (1, t)
0
.

We continue to assume the local-to-unity framework (2) for ρi and the approximate factor
structure (3) for yit.We also assume that z0i0 = 0 for all i. This model (15) is an extension
of the model in the previous section as it adds incidental trend components α0kigkt rep-
resenting individual effects. When k = 0, i.e., gkt = 1, the model with incidental trends
(15) reduces to our original model (1) . In this case, assuming Assumption [individual
effect], the panel unit root test statistic of the previous section was constructed ignoring
the incidental parameter. In this section, we take into account the incidental parameters
(or trends). We say the cases of k = 0 and k = 1 as model k = 0 and model k = 1, re-
spectivley. As in the previous section, we want to test for the null hypothesis H0 against
the (local) alternative H1.
The main purpose of this section is to study the local power of a test constructed

using the t statistics based on a (bias-modiÞed) pooled estimator such as �ρ+. To simply
the analysis, we assume that

ρi = 1−
µθ
nηT

for all i,

eit ∼ iid (0, 1) with Þnite fourth moments across i and over t, ft ∼ iid (0, 1) over t, and eis
and ft are independent. We also assume for convenience that the factor loading coefficient
β0i is observed. In what follows, we will investigate the asymptotic powers of the models
k = 0 and k = 1 within a 1

nηT− neighborhood of the null hypothesis of a unit root and
Þnd that the test has no asymptotic power if 14 < η.for k = 0 and

1
6 < η.for k = 1. The

restrictions made in this section could be relaxed to the more general conditions assumed
in the previous section without changing any of the main results.
DeÞne

�ρ#pool =
tr
³
�Z−1Qβ0 �Z0

´
− nTbk,nT ,

tr
³
�Z−1Qβ0 �Z0−1

´
where bk,nT = 1

nTE
³
tr
³
�E−1�e0

´´
. The limit of bkn,T as T →∞ is bk = −E

³R 1
0

R 1
0 W (r)hk (r, s) dW (s) dr

´
2 ,

where W (r) is a Wiener process, hk (r, s) = gk (r)
0 ³R 1

0 gk (r) gk (r)
0
dr
´−1

gk (s) , g0 (r) =

1 and g1 (r) = (1, r)
0
. The correction term bk,nT is the mean of the bias due to the serial

correlation generated by the detrended data �E−1 and �e.
The typical t− ratio statistic is deÞned as

t# =

r
tr
³
�Z−1Qβ0 �Z0−1

´³
�ρ#pool − 1

´
.

Lemma 5 Assume that η > 1
4 for model k = 0 and η > 1

6 for model k = 1. Under the
assumptions made in this section, the following hold.
(a) 1

nT2 tr
³
�Z0−1Qβ0 �Z00−1

´
→p

³R 1
0 rdr −

R 1
0

R 1
0 min (r, s)hk (r, s) dsdr

´
.

(b)
√
n
h
1
nT tr

³
�E−1�e0

´
− bk,nT

i
⇒ N

µ
0, limn,T E

³
1
nT

Pn
i=1

PT
t=1

�Eit−1�eit − bk,nT
´2¶

.

(c) n1/2−η
h
1
nT tr

³³
�Z0−1 − �Z0−1 (0)

´
Qβ0�e

0
´
− µθ

nη

R 1
0

R r
0
(r − s)hk (r, s) dsdr

i
= op (1) .

2A direct calculation shows that bk = − 1
2
for k = 0 and 1.
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(d)
√
n
h

1
nT 2 tr

³
�Z0−1 (0)Qβ0 �Z00−1 (0)

´
−
³R 1

0
rdr − R 1

0

R 1
0
min (r, s)hk (r, s) dsdr

´i
= Op (1) .

(e) 1
n1/2+ηT2

tr

µ³
�Z0−1 − �Z0−1 (0)

´
Qβ0

³
�Z0−1 − �Z0−1 (0)

´0¶
= op (1) .

(f) 1
n1/2+ηT2

tr
³³
�Z0−1 − �Z0−1 (0)

´
Qβ0 �Z

0−1 (0)
´
= op (1) .

Theorem 4 Assume that η > 1
4 for model k = 0 and η >

1
6 for model k = 1. Under the

assumptions made in this section, the t# statistic does not have an asymptotic power in
a 1
nηT neighborhood of the null of unit root.

2 Omitted Proofs

2.1 Appendix A

Suppose that A and B are (n× n) matrices. The following facts will be used frequently
in the following proofs; (a) tr (AB) ≤ kAk kBk by the Cauchy-Schwarz inequality, (b)
if A is symmetric and positive semideÞnite, then kAk ≤ tr(A) and tr(A) ≤ √

nkAk ,
and (c) if both of A and B are positive semideÞnite, then tr (AB) ≤ tr (A) kBk, and
tr (AB) ≤ tr (B) kAk . To distinguish the notation for the panel with ρi = 1(ci = 0) for all
i, we denote Z (0) and Z0 (0) for Z and Z0 in (4) , respectively. Also we deÞne F 0 = Ξf0

and E = Ξe, where Ξ be a (T × T ) lower triangular matrix such that

Ξ
(T×T )

=


1 0 · · · 0
1 1 0
...
...

. . .
1 1 · · · 1

 ,
So,

Z (0) = lTα
0 + Z0 (0) ,

Z0 (0) = F 0β00 +E,

where lT = (1, ..., 1)| {z }
T

0
. Similarly we deÞne Z−1, Z−1 (0) , Z0−1 (0) , F0−1, and E−1 to denote

the matrices of lagged panel data of Z,Z (0) , Z0 (0) , F 0, and E, respectively.

2.1.1 Properties of eit

A BN-Decomposition of eit
We Þrst introduce the BN-decomposition of the linear process eit (see Phillips and
Solo, 1992 for more details). Under Assumptions 2, it is possible to decompose eit
into

eit = di (1) vit + ùeit−1 − ùeit, (16)

where

di (1) =
∞X
j=0

dij , ùeit =
∞X
j=0

ùdijvit−j , ùdij =
∞X

s=j+1

dis.

B The following lemma holds under Assumption 2.
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Lemma 6 (Existence of moments of eit and ùeit)

(a) supi,tEe
4
it <M,

(b) supi,tEùe
4
it < M,

(c) supi,TE
³

1√
T

PT
t=1

¡
e2it − σ2e,i

¢´2
< M.

(d) supiE
³

1√
T

PT
t=1 eit

´4
< M.

C Xij,T =
1√
T

PT
t=1 (eitejt −E (eitejt)) . The following lemma holds under Assump-

tion 2.

Lemma 7 supi,jE
¡
X4
ij,T

¢
< M.

Proof of Lemma 6
Part (a).
Notice that for some constant M1,

sup
i,t
Ee4it = sup

i,t
E

 ∞X
j=0

dijvit−j

4

≤M1

sup
i

∞X
j=0

∞X
k=0

d2ijd
2
ik + sup

i

∞X
j=0

d4ij


≤ M1


 ∞X
j=0

d̄2j

2

+

 ∞X
j=0

d̄4j


 .

Since
P∞
j=0 d̄j < M,

∞X
j=0

d̄2j ,
∞X
j=0

d̄4j < M,

and the proof is done. ¥

Part (b).
Recall that

ùeit =
∞X
j=0

ùdijvit−j .

The required result follows because

∞X
j=0

sup
i

¯̄̄
ùdij

¯̄̄
≤

∞X
j=0

∞X
s=j+1

d̄s =
∞X
j=0

jd̄j < M,

and so,

∞X
j=0

sup
i

¯̄̄
ùdkij

¯̄̄
<M

for any k ≥ 1. ¥

10



Part (c).

Notice that
³

1√
T

PT
t=1

¡
e2it − σ2e,i

¢´2
= X2

ii,T . Thus, Part (c) follows since supi,j EX
4
ij,T <

M . ¥

Part (d).
By deÞnition,

E

Ã
1√
T

TX
t=1

eit

!4

=
1

T 2

TX
t=1

TX
s=1

TX
p=1

TX
q=1

E (eiteiseipeiq)

=
1

T 2

TX
t=1

TX
s=1

TX
p=1

TX
q=1

X
x

X
y

X
z

X
w

dixdiydizdiwE (vit−xvis−yvip−zviq−w) . (17)

Four case: (i) t − x = s − y 6= p − z = q − w, (ii) t − x = p − z 6= s − y = q − w, (iii)
t− x = q −w 6= s− y = p− z, (iv) t− x = s− y = p− z = q −w.
Case (i) x = t− s+ y, z = p− q +w. So,

(17) ≤M1σ
4
u sup

i

 1
T

TX
t≥s=1

X
y

dit−s+ydiy

2

≤M1σ
4
u

ÃX
y

d̄y

!2
=M.

Similarly, we can bound cases (ii) and (iii). For case (iv), z = p−q+w, y = w+(p− q)+
(s− q), x = w + (p− q) + (s− q) + (t− s).

(17) ≤ M2E
¡
v4it
¢Ã 1

T 2

X
q<p<s<t

X
w

diwdiw+(p−q)diw+(p−q)+(s−q)diw+(p−q)+(s−p)+(t−s)

!

≤ M3

Ã
1

T 2

∞X
w=0

T−1X
h=0

T−h−1X
m=0

T−h−m−1X
n=0

TX
t=h+m+n+1

d̄wd̄w+hd̄w+h+md̄w+h+m+n

!

= M3

Ã
1

T

∞X
w=0

T−1X
h=0

T−h−1X
m=0

T−h−m−1X
n=0

µ
T − h−m− n− 1

T

¶
d̄wd̄w+hd̄w+h+md̄w+h+m+n

!

≤ 1

T
M3

ÃX
l

d̄l

!4
<
M

T
. ¥

Proof of Lemma 7
Recall that

Xij,T =
1√
T

TX
t=1

(eitejt −E (eitejt))

We Þrst introduce the BN-Decomposition of eitejt (for more details on this, refer to
Phillips and Solo, 1992). Notice that

eitejt =

Ã ∞X
k=0

dikvit−k

!Ã ∞X
l=0

djlvjt−l

!

=
∞X
k=0

dikdjkvit−kvjt−k +
∞X
m=1

∞X
k=0

dikdjk+mvit−kvjt−k−m +
∞X
m=1

∞X
k=0

djkdik+mvjt−kvit−k−m.

11



DeÞne

Dmij (L) =
∞X
k=0

Dmij,kL
k, Dmij,k = dikdjk+m

and

Dmji (L) =
∞X
k=0

Dmji,kL
k, Dmji,k = djkdik+m.

Then, we write

eitejt = D
0
ij (L) vitvjt +

∞X
m=1

Dmij (L) vitvjt−m +
∞X
m=1

Dmji (L) vjtvit−m.

As shown by Phillips and Solo (1992), under the assumption, we can decompose Dmij (L)
as follows,

Dmij (L) = Dmij (1) + (1− L) ùDmij (L) ,
ùDmij (L) =

∞X
k=0

ùDmij,kL
k, ùDmij,k =

∞X
l=k+1

Dm
ij,l =

∞X
l=k+1

dildjl+m.

Similarly, we can decompose Dmji (L) , too. Using this, then, we write

eitejt = D0ij (1) vitvjt + (1− L) ùD0ij (L) vitvjt

+
∞X
m=1

Dmij (1) vitvjt−m + (1− L)
∞X
m=1

ùDmij (L) vitvjt−m

+
∞X
m=1

Dmji (1) vjtvit−m + (1− L)
∞X
m=1

ùDmji (L) vjtvit−m,

and

Xij,T =
1√
T

TX
t=1

¡
D0ij (1) vitvjt −D0ii (1)

¢
+

1√
T

³
ùD0ij (L) vi1vj1 − ùD0ij (L) viT vjT

´
+
1√
T

TX
t=1

Ã ∞X
m=1

Dmij (1) vitvjt−m

!
+

1√
T

Ã ∞X
m=1

ùDmij (L) vi1vj1−m −
∞X
m=1

ùDmij (L) viTvjT−m

!

+
1√
T

TX
t=1

Ã ∞X
m=1

Dmji (1) vjtvit−m

!
+

1√
T

Ã ∞X
m=1

ùDmji (L) vj1vi1−m −
∞X
m=1

ùDmji (L) vjT viT−m

!
.

To show that supij EX
4
ij,T < M, it is enough to show that

sup
ij
E(X4

k,ij,T ) < M, k = 1, ..., 4,

12



where

X1,ij,T =
1√
T

TX
t=1

¡
D0ij (1) vitvjt −D0ii (1)

¢
X2,ij,T =

1√
T
ùD0ij (L) vitvjt

X3,ij,T =
1√
T

TX
t=1

Ã ∞X
m=1

Dmij (1) vitvjt−m

!

X4,ij,T =
1√
T

∞X
m=1

ùDmij (L) vitvjt−m.

1. (i) When i = j : under the assumption (i),

sup
i
EX4

1,ii,T = E

Ã
1√
T

TX
t=1

¡
v2it − 1

¢!4
D0ii (1)

4

≤ D0 (1)4
³
3κ24 +

κ8
T

´
< M,

because

D0 (1) =
∞X
k=0

d̄2k < M

under the assumption (ii).

(ii) When i 6= j :

sup
i,j
i6=j

EX4
1,ij,T = sup

i,j
i6=j

D0ij (1)
4
E

Ã
1√
T

TX
t=1

vitvjt

!4

≤ D0 (1)4
µ
3 +

κ24
T

¶
<M.

Thus,

sup
ij
EX4

1,ij,T < M.

2. For some Þnte constant M1, we have

sup
ij
EX4

2,ij,T =
1

T 2
sup
ij
E
³
ùD0ij (L) vitvjt

´4
=
1

T 2
sup
ij
E

Ã ∞X
k=0

ùD0ij,kvit−kvjt−k

!4

=
M1

T 2

sup
ij

Ã ∞X
k=0

³
ùD0ij,k

´2!2
+ sup

ij

Ã ∞X
k=0

³
ùD0ij,k

´4! .
Under the assumption (ii),

sup
ij

∞X
k=0

³
ùD0ij,k

´2
= sup

ij

∞X
k=0

Ã ∞X
l=k+1

dildjl

!2
≤

∞X
k=0

Ã ∞X
l=k+1

d̄2l

!2
≤
Ã ∞X
k=0

∞X
l=k+1

d̄2l

!2

=

Ã ∞X
l=1

ld̄2l

!2
<M.

13



Similarly,

sup
ij

∞X
k=0

³
ùD0ij,k

´4
≤

∞X
k=0

Ã ∞X
l=k+1

d̄2l

!4
≤
Ã ∞X
l=1

ld̄2l

!4
< M.

Thus,

sup
ij
EX4

2,ij,T <
M

T 2
→ 0.

3. DeÞne

vmijt =
∞X
m=1

Dmij (1) vjt−m.

For some Þnite constant M1,

sup
ij
E
¡
vmijt
¢4
= sup

ij
E

Ã ∞X
m=1

Dmij (1) vjt−m

!4
≤M1 sup

ij

Ã ∞X
m=1

Dmij (1)
2

!2
+

Ã ∞X
m=1

Dmij (1)
4

! .
Since

sup
ij

Ã ∞X
m=1

¯̄
Dmij (1)

¯̄l! ≤ ∞X
m=1

Ã ∞X
k=0

d̄kd̄k+l

!l
≤
Ã ∞X
m=1

∞X
k=0

d̄kd̄k+l

!l
≤
Ã ∞X
k=0

d̄k

!2l
< M

for any integer >0.

Now, for some constant M1,

sup
ij
EX4

3,ij,T = sup
ij
E

Ã
1√
T

TX
t=1

vitv
m
ijt

!4
= sup

ij

1

T 2

X
t1

X
t2

X
t3

X
t4

E
¡
vit1v

m
ijt1vit2v

m
ijt2vit3v

m
ijt3vit4v

m
ijt4

¢
= 3sup

ij

1

T 2

X
t1

X
t2

t1 6=t2

E
³
v2it1

¡
vmijt1

¢2
v2it2

¡
vmijt2

¢2´
+ sup

ij

1

T 2

X
t

E
³
v4it
¡
vmijt
¢4´

≤ M1 sup
ij

Ã
1

T

X
t

r
E
³
v4it
¡
vmijt
¢4´!2

=M1κ4

Ã
1

T

X
t

r
sup
ij
E
¡
vmijt
¢4!2

< M,

where the last equality holds because vit and vmijt are uncorrelated.

4. Before we start, we calculate two moments. DeÞne

ùvmij,t−l =
∞X
m=1

ùDmij,lvjt−l−m.

For some Þnite constant M1,

sup
ij

∞X
l=0

E
¡
ùvmij,t−l

¢4 ≤M1 sup
ij

 ∞X
l=0

∞X
m=1

³
ùDmij,l

´4
+

∞X
l=0

Ã ∞X
m=1

³
ùDmij,l

´2!2 .
14



Notice

sup
ij

Ã ∞X
l=0

∞X
m=1

³
ùDmij,l

´4!
= sup

ij

 ∞X
l=0

∞X
m=1

Ã ∞X
k=l+1

dikdjk+m

!4 ≤
∞X
l=0

∞X
m=1

Ã ∞X
k=l+1

d̄kd̄k+m

!4

≤
∞X
l=0

Ã ∞X
m=1

∞X
k=l+1

d̄kd̄k+m

!4
≤

∞X
l=0

Ã ∞X
k=l+1

d̄k

!8
≤
Ã ∞X
l=0

∞X
k=l+1

d̄k

!8

=

Ã ∞X
k=0

kd̄k

!8
<M.

Also,

sup
ij

∞X
l=0

Ã ∞X
m=1

³
ùDmij,l

´2!2
= sup

ij

∞X
l=0

 ∞X
m=1

Ã ∞X
k=l+1

dikdjk+m

!22

≤
∞X
l=0

 ∞X
m=1

Ã ∞X
k=l+1

d̄kd̄k+m

!22

≤
∞X
l=0

Ã ∞X
m=1

∞X
k=l+1

d̄kd̄k+m

!4
≤
Ã ∞X
k=0

kd̄k

!8
<M.

So,

sup
ij

∞X
l=0

E
¡
ùvmij,t−l

¢4
< M. (18)

Next, for some Þnite constant M1,

sup
ij

∞X
l1=0

∞X
l2=0

l1 6=l2

E
h
v2it−l1

¡
ùvmij,t−l1

¢2i h
v2it−l2

¡
ùvmij,t−l2

¢2i

≤ sup
ij

Ã ∞X
l=0

s
E

·
v4it−l

³
ùvmij,t−l

´4¸!2
= κ4 sup

ij

Ã ∞X
l=0

r
E
³
ùvmij,t−l

´4!2
,

because vit−l and ùvmij,t−l are uncorrelated. Again, for some Þnite constant M1,

sup
ij

∞X
l=0

r
E
³
ùvmij,t−l

´4
≤ M1 sup

ij

∞X
l=0

vuut ∞X
m=1

³
ùDmij,l

´4
+

Ã ∞X
m=1

³
ùDmij,l

´2!2

≤ M1

∞X
l=0

vuut ∞X
m=1

Ã ∞X
k=l+1

d̄kd̄k+m

!4
+

∞X
l=0

∞X
m=1

Ã ∞X
k=l+1

d̄kd̄k+m

!2

≤ 2M1

∞X
l=0

∞X
m=1

Ã ∞X
k=l+1

d̄kd̄k+m

!2
≤ 2M1

Ã ∞X
k=0

kd̄k

!4
< M.

Thus,

sup
ij

∞X
l1=0

∞X
l2=0

l1 6=l2

E
h
v2it−l1

¡
ùvmij,t−l1

¢2i h
v2it−l2

¡
ùvmij,t−l2

¢2i
< M. (19)
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Now, for some Þnite constant M1,

sup
ij
EX4

4,ij,T =
1

T 2
sup
ij
E

Ã ∞X
m=1

ùDij (L) vitvjt−m

!4
=
1

T 2
sup
ij
E

Ã ∞X
m=1

∞X
l=0

ùDmij,lvit−lvjt−m−l

!4

=
1

T 2
sup
ij
E

Ã ∞X
l=0

vit−lvmij,t−l

!4

≤ M1

T 2
sup
ij

 ∞X
l1=0

∞X
l2=0

l1 6=l2

E
h
v2it−l1

¡
ùvmij,t−l1

¢2i h
v2it−l2

¡
ùvmij,t−l2

¢2i
+

∞X
l=0

E
h
v4it−l

¡
ùvmij,t−l

¢4i


≤ M1κ4
T 2

sup
ij

∞X
l=0

E
¡
ùvmij,t−l

¢4
+
M1

T 2
sup
ij

 ∞X
l1=0

∞X
l2=0

l1 6=l2

E
h
v2it−l1

¡
ùvmij,t−l1

¢2i h
v2it−l2

¡
ùvmij,t−l2

¢2i


< M,

where the Þnal inequality holds by (18) and (19) . ¥

2.1.2 Preliminary Results

Lemma 8 Under Assumptions 1 � 9, the following hold. Let Eit =
Pt
s=1 eis with Ei0 =

0.
(a) As (n, T →∞) , 1

nT 2

Pn
i=1

PT
t=1 θiE

2
it−1 →p

1
2µθω

2
e.

(b) As (n, T →∞) with n
T → 0,

√
n
³
1
nT

Pn
i=1

PT
t=1Eit−1eit − λne

´
⇒ N

¡
0, 12φ

4
e

¢
.

Lemma 9 We assume Assumptions 1 � 9. Then, Parts (h) holds as (n, T →∞) with
n
T → 0, and the other parts hold as (n, T →∞) , where
(a) 1

nT2 kZ−1k2 = Op (1) ,
(b) 1

nT

°°Z0−1y + y0Z−1°° = Op (1) ,
(c) 1

nT2 tr
¡
β00E0−1E−1β

0
¢
= Op (1) ,

(d) 1
nT

°°β00e0E−1β0 + β00E0−1eβ0°° = Op (1) ,
(e) 1

nT ke0ek = Op
³
max

³
1√
T
, 1√

n

´´
,

(f) 1
nT tr

¡
f00ee0f0

¢
= Op (1) ,

(g) 1
nT tr

¡
β00e0eβ0

¢
= Op (1) ,

(h) 1
n
√
nT

√
T

¡
β00e0eET

¢
= op (1) , where ET = e0lT ,

(i) 1√
n
√
T

°°β00e0lT°° = Op (1) . (i∗) 1√
n
√
T
ke0lTk = Op (1) , (i∗∗) 1√

n
√
T
ky0lTk = Op (1) .

(j) 1√
nT

√
T

°°β00E0−1lT°° = Op (1) ,
(k) kyk2

nT = Op (1) ,
(l) 1

nT
√
T

¯̄
α0E0−1lT

¯̄
= Op (1) .

Lemma 10 Suppose that Assumptions 1 � 9 hold. Then, the following hold.

(a) 1
nT2

Pn
i=1 θ

2
i

PT
t=2

³Pt−1
s=1

t−s−1
T β00i f0s

´2
= Op (1) .

(b) 1
nT2

Pn
i=1 θ

2
i

PT
t=2

³Pt−1
s=1

t−s−1
T eis

´2
= Op (1) .
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(c) 1
nT

Pn
i=1 θiβ

00
i

³PT
t=2

Pt−1
s=1

t−s−1
T f0s f

00
t

´
β0i = Op (1) .

(d) 1
nT

Pn
i=1 θiβ

00
i

³PT
t=2

Pt−1
s=1

t−s−1
T f0s eit

´
= op (1) .

(e) 1
nT

Pn
i=1 θi

³PT
t=2

Pt−1
s=1

t−s−1
T eiseit

´
= op (1) .

(f)
°°° 1
n2T

Pn
i=1

Pn
i=1 β

0
iβ
00
i θj

PT
t=2 eit

³Pt−1
s=1

t−s−1
T f0s

´
β00j
°°° = op (1)

(g)
°°° 1
n2T

Pn
i=1

Pn
i=1 β

0
iβ
00
i θj

PT
t=2 eit

³Pt−1
s=1

t−s−1
T ejs

´
β00j
°°° = op (1) .

(h) 1
n
√
T

°°°Pn
i=1 θiβ

0
iβ

00
i

³PT
s=1

¡
1− s

T

¢
f0s

´°°° = Op (1) .
(i) 1

n
√
T

°°°Pn
i=1 β

0
i θi
³PT

s=1

¡
1− s

T

¢
eis
´°°° = op (1) .

Lemma 11 Suppose that Assumptions 1 � 9 hold. Then, the following hold.
(a) 1

T kZ−1 − Z−1 (0)k = Op (1) .
(b) 1√

nT
tr ((Z−1 − Z−1 (0)) y0) = Op (1) .

(c) 1√
nT
tr
¡
(Z−1 − Z−1 (0))Qβ0e0

¢
= op (1) .

(d) 1
n
√
T

°°β00 (ZT − ZT (0))°° ,
where ZT = (z1T , ..., znT )

0 and ZT (0) = (z1T (0) , ..., znT (0))
0
.

Let βr denote an (n× r) matrix, r ≤ K. DeÞne

H1nT (βr) = tr

µ
β0r√
n

µ
�y0�y
nT

¶
βr√
n

¶
,

H2nT (βr) = tr

µ
β0r√
n

µ
y0y
nT

¶
βr√
n

¶
,

and

H3nT (βr) = tr
Ã
β0r√
n

Ã
β0f00f0β0

0

nT

!
βr√
n

!
.

The following lemma establishes the uniform convergence of the three functions.

Lemma 12 Suppose that Assumptions 1 � 9 hold. As (n, T →∞) with n
T → 0,

(a) supβ0rβr
n =Ir

|H1nT (βr)−H2nT (βr)| = op (1)
(b) supβ0rβr

n =Ir
|H2nT (βr)−H3nT (βr)| = op (1) .

The relationship among the various estimators for β0 and f0 are well known. Let
ÿΛnT,K denote the diagonal matrix of the K largest eigenvalues of �y�y0. Then, by deÞnition,

�y�y0
ÿfK√
T
=

ÿfK√
T
ÿΛnT,K ,

and so

�y0�y
µ
�y0
ÿfK√
T
ÿΛ
−1/2
nT,K

¶
=

µ
�y0
ÿfK√
T
ÿΛ
−1/2
nT,K

¶
ÿΛnT,K .

Since tr
³
ÿΛ
−1/2
nT,K

ÿf 0K√
T
�y�y0

ÿfK√
T
ÿΛ
−1/2
nT,K

´
= IK , we have

β̄K =

√
n√
T
�y0 ÿfK ÿΛ

−1/2
nT,K ,
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and in consequence,

f̄K =
1

n
�yβ̄K =

ÿfK

µ ÿΛnT,K
nT

¶1/2
.

Also, using the deÞnition of ÿβK =
1
T �y

0 ÿfK and the relations above, we deduce that

�βK =
ÿβK

Ã
ÿβ
0
K
ÿβK
n

!1/2
=
1

T
�y0 ÿfK

µ ÿΛnT,K
nT

¶1/2
=
1

T
�y0f̄K =

�y0�y
nT
β̄K .

This relation between �βK and β̄K will be used a lot in the proofs of the appendix.
Recall that β̄K is

√
n times the (n×K) matrix of the orthonormal eigenvectors of the

Þrst K largest eigenvalues of �y
0�y
nT . Let ΛnT,K be the (K ×K) diagonal matrix consisting

of the Þrst K largest eigenvalues of �y
0�y
nT (and also of �y

0�y), i.e.,

�y0�y
nT
β̄K = β̄KΛnT,K .

DeÞne ΛK to the (K ×K) diagonal matrix consisting of the eigenvalues of ΣfΣβ. The
following lemma shows that the limit of ΛnT,K is ΛK . This lemma corresponds to Lemma
A.3 of Bai (2001), which was also implicitly proved by Stock and Watson (1998). The
main difference between the two lemmas is that Bai analyzes the relationship between
two estimators of the factors f0t using the observable data, while the following lemma
characterizes the relationship between two estimators of the factor loadings β0i using the
residuals.

Lemma 13 As (n, T →∞) with n
T → 0, under Assumptions 1 � 9, the following hold.

(a) 1
n β̄

0
K
�y0�y
nT β̄K = ΛnT,K →p ΛK .

(b)
³
β̄0Kβ

0

n

´³
f00f0
n

´³
β00β̄K
n

´
→p ΛK .

Lemma 14 Suppose that Assumptions 1 � 9 hold. Assume that (n, T →∞) with n
T → 0.

Then, the limit of

HK =

µ
f00f0

T

¶µ
β00β̄K
n

¶
is of full rank, and HK is asymptotically bounded.

Lemma 15 Suppose that Assumptions 1 � 9 hold.
(a) Suppose that (n, T →∞) . Then,°°°°° �βK − β∗K√

n

°°°°° = Op
µ
max

µ
1√
n
,
1√
T

¶¶
,

where β∗K = β
0HK , HK =

³
f00f0
n

´³
β00β̄K
n

´
.

(b) Suppose that (n,T →∞) with n
T → 0. Then,°°°�βK − β∗K°°° = Op (1) .
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(c) Suppose that (n,T →∞) with n
T → 0. Then,°°°°°�β0K

Ã
�βK − β∗K√

n

!°°°°° = op (1) .
(d) Suppose that (n, T →∞) with n

T → 0. Then,°°°°°
Ã
�βK − β∗K√

n

!0
β∗K

°°°°° = op (1) .
Proof of Lemma 8

Part (a).
Part (a) holds by modifying the proof of Lemma 9(a) of Moon and Phillips (2000)

with c = 0 and �hT (s, t) = 1, and we omit the proof. ¥

Part (b).
Denote σ2e,i = Ee

2
it. Then, λe,i =

1
2

¡
ω2e,i − σ2e,i

¢
and

1

T

TX
t=1

Eit−1eit − λe,i = 1

2

µ
E2iT
T

− ω2e,i
¶
− 1
2

Ã
1

T

TX
t=1

¡
e2it − σ2e,i

¢!
.

Then, we have

√
n

Ã
1

nT

nX
i=1

TX
t=1

Eit−1eit − λne
!

=
1

2
√
n

nX
i=1

µ
E2iT
T

− ω2e,i
¶
− 1

2
√
n

Ã
1

T

TX
t=1

¡
e2it − σ2e,i

¢!
= Ib − IIb, say.

First, by Lemma 6(c) we have

E (IIb)
2 → 0

as (n, T →∞). Therefore
IIb = op (1) .

Next, using the BN decomposition of eit, we may write

1

2
√
n

nX
i=1

µ
E2iT
T

− ω2e,i
¶

=
1

2
√
n

nX
i=1

ω2e,i

µ
V 2iT
T
− 1
¶
+

1√
n

nX
i=1

di (1)
ViT√
T

(ÿei0 − ÿeiT )√
T

+
1

2
√
nT

nX
i=1

(ÿei0 − ÿeiT )2

= Iba + Ibb + Ibc, say,

where ViT =
PT
s=1 vis. By Lemma 6(b), we have

E (Ibc) =

√
n

2T

1

n

nX
i=1

E (ÿei0 − ÿeiT )2 ≤ 2
√
n

T
sup
i,t

¡
Eÿe2it

¢ ≤ √
n

T
M.
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Since Ibc ≥ 0 and n
T → 0,

Ibc = op (1) .

For Iba, we apply Theorem 3 in Phillips and Moon (1999) and use Assumption 8. Then,
we have

Iba =
1

2
√
n

nX
i=1

ω2e,i

µ
V 2iT
T
− 1
¶
⇒ N

µ
0,
1

2
φ4e

¶
.

Finally, by the Cauchy-Schwarz inequality together with Iba = op (1) and Ibc = Op (1) ,
we have

Ibb = op (1) .

Therefore, as (n, T →∞) with n
T → 0,

√
n

Ã
1

nT

nX
i=1

TX
t=1

Eit−1eit − λne
!
= Iba + op (1)⇒ N

µ
0,
1

2
φ4e

¶
,

and we have the required result. ¥

Proof of Lemma 9

Part (a).
Since

1

nT 2
kZ−1k2 ≤ 2

nT 2
kZ−1 (0)k2 + 2

nT 2
kZ−1 − Z−1 (0)k2

=
2

nT 2
kZ−1 (0)k2 +Op

µ
1

n

¶
by Lemma 10(a), the required result follows if we show that

1

nT 2
kZ−1 (0)k2 = Op (1) .

By deÞnition,

1

nT 2
kZ−1 (0)k2 = 1

nT 2
°°lTα0 + F0−1β00 +E−1°°2 ≤ 2 (Ia + IIa + IIIa) ,

where Ia = 1
nT kz0k2 , IIa = 1

nT2

°°F 0−1β00°°2 , IIIa = 1
nT2 kE−1k2 , F 0−1 = Ξf0−1, and

E−1 = Ξe−1.
For Ia, since supiEα

2
i < M by Assumption 9,

Ia = Op

µ
1

T

¶
.

Next, for IIa, notice that

IIa =
1

nT 2
°°F 0−1β00°°2 = 1

nT 2
tr
¡
β00β0F 00−1F

0
−1
¢

= tr

ÃÃ
1

n

nX
i=1

β0iβ
00
i

!Ã
1

T 2

TX
t=1

F 0t−1F
00
t−1

!!
= Op (1) ,
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where the last equality holds because 1
T2

PT
t=1 F

0
t−1F 00t−1 = Op (1) under Assumption 3

and 1
n

Pn
i=1 β

0
iβ

00
i = O (1) under Assumption 6.

Finally, for IIIa, as in the proof of Lemma 8(a) with θi = 1,

IIIa =
1

nT 2
kE−1k2 = 1

n

nX
i=1

1

T 2

TX
t=1

E2it−1 →p
ω2e
2
.

Thus, 1
nT2 kZ−1 (0)k2 = Op (1) , as required. ¥

Part (b).
Let Z0t and y0t denote the tth rows of Z and y, respectively. Since

Z−1 = lTα0 + Z0−1,

we have

1

nT

°°Z0−1y + y0Z−1°° ≤ 2

nT
ky0lTα0k+ 1

nT

°°Z00−1y + y0Z0−1°° .
First,

1

nT
ky0lTα0k ≤ 1√

T

kαk√
n

(°°β0°°√
n

°°f00lT°°√
T

+
ke0lTk√
nT

)

=
1√
T
Op (1) (Op (1) +Op (1)) = Op

µ
1√
T

¶
,

where the Þrst equality holds by Assumption 9, and Part (i*).
Next, using Z0t = ρZ

0
t−1 + yt, we may write

Z00−1y + y
0Z0−1 =

TX
t=1

¡
Z0t−1y

0
t + ytZ

00
t−1
¢

= Z0TZ
00
T + ρZ

00
−1Z

0
−1ρ− Z00−1Z0−1 + (ρ− In)Z00−1y + y0Z0−1 (ρ− In) + y0y.

So,

1

nT

°°Z0−1y + y0Z−1°°
≤

°°Z0T°°2
nT

+
1

T
(T kρ− Ink)2

°°Z0−1°°2
nT 2

+ 2 (T kρ− Ink)
°°Z0−1°°2
nT 2

+
2√
T
(T kρ− Ink)

°°Z0−1°°√
nT

kyk√
nT

+
kyk2
nT

. (20)

By Part (a), kZ
0
−1k2
nT 2 = Op (1) . Similarly we can show that

kZ0Tk2
nT = Op (1) . Notice that

T kρ− Ink = 1√
n
kΘk = Op (1) and kyk2

nT = Op (1) by Part (k). Therefore,

(20) = Op (1) ,

as required. ¥

Part (c).
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Notice that

1

nT 2
tr
¡
β00E0−1E−1β

0
¢
= tr

Ã
1

T 2

TX
t=1

Ã
1√
n

nX
i=1

β0iEit−1

!Ã
1√
n

nX
i=1

β0iEit−1

!0!

=
1

T 2

TX
t=1

°°°°° 1√
n

nX
i=1

β0iEit−1

°°°°°
2

. (21)

DeÞne Vit =
Pt
s=1 vis with Vi0 = 0. Using the BN decomposition of eit, we have

Eit−1 = diVit−1 + ùei0 − ùeit−1,
where di = di (1) . Plugging this into (21) ,

(21) =
1

T 2

TX
t=1

°°°°° 1√
n

nX
i=1

β0i (diVit−1 + ùei0 − ùeit−1)
°°°°°
2

≤ 2
1

T 2

TX
t=1

°°°°° 1√n
nX
i=1

β0i diVit−1

°°°°°
2

+ 2
1

T 2

TX
t=1

°°°°° 1√
n

nX
i=1

β0i (ùei0 − ùeit−1)
°°°°°
2

= 2 (Ic + IIc) , say.

Set d̄ =
P∞
j=0 d̄j . Since Ic ≥ 0 and

EIc = E

 1

T 2

TX
t=1

°°°°° 1√
n

nX
i=1

β0i diVit−1

°°°°°
2
 = tr

"
1

T 2

TX
t=1

E

Ã
1√
n

nX
i=1

β0i diVit−1

!Ã
1√
n

nX
i=1

β0i diVit−1

!0#

=

Ã
1

T 2

TX
t=1

(t− 1)
!
tr

Ã
1

n

nX
i=1

d2iβ
0
iβ

00
i

!
≤ d̄2

Ã
1

T 2

TX
t=1

(t− 1)
!
tr

Ã
1

n

nX
i=1

β0iβ
00
i

!
= O (1) ,

we have

Ic = Op (1) .

Similarly, since IIc ≥ 0 and

EIIc = E

 1

T 2

TX
t=1

°°°°° 1√
n

nX
i=1

β0i (ùei0 − ùeit−1)
°°°°°
2


= tr

"
1

T 2

TX
t=1

E

Ã
1√
n

nX
i=1

β0i (ùei0 − ùeit−1)
!Ã

1√
n

nX
i=1

β0i (ùei0 − ùeit−1)
!0#

≤ M

T
tr

Ã
1

n

nX
i=1

β0iβ
00
i

!
= o (1) ,

where the inequality holds by Lemma 6(b), we have

IIc = op (1) ,

which completes the proof of Part (c). ¥

Part (d).
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Notice that

1

nT

°°β00e0E−1β0 + β00E0−1eβ0°° = 1

nT

°°°°°β00
Ã
ET−1E0T−1 −

TX
t=1

ete
0
t

!
β0

°°°°°
≤ 1

nT

°°β00ET−1E0T−1β0°°+ 1

nT

°°°°°
TX
t=1

Ã
nX
i=1

β0i eit

!Ã
nX
i=1

β0i eit

!0°°°°°
≤ 1

nT

°°β00ET−1E0T−1β0°°+ 1

T

TX
t=1

°°°°°
Ã
1√
n

nX
i=1

β0i eit

!°°°°°
2

= Id + IId, say.

Using arguments similar to those in the proof of Part (c), we can show that

Id = Op (1) .

For IId, note that

EIId =
1

T

TX
t=1

tr

Ã
1

n

nX
i=1

β0iβ
00
i Ee

2
it

!
.

Since supi,tEe
2
it < M (see Lemma 6(a)) and 1

n

Pn
i=1 β

0
iβ
00
i → Σβ by Assumption 6,

EIId ≤M
"
tr

Ã
1

n

nX
i=1

β0iβ
00
i

!#
= O (1) .

Since IId ≥ 0,

IId = Op (1) , (22)

and we have all the required results. ¥

Part (e).
Denote Γe,i (h) = E (eiteit−h) . Let et = (e1t, ..., ent)

0 . Notice that

E

°°°° e0enT
°°°°2 = E

°°°°°
PT
t=1 ete

0
t

nT

°°°°°
2

= E

Ã
1

n2T 2

TX
t=1

TX
s=1

e0tese
0
set

!

=
1

n2T 2

TX
t=1

TX
s=1

E

Ã
nX
i=1

eiteis

! nX
j=1

ejtejs



=
1

T 2

TX
t=1

TX
s=1

 1

n2

nX
i=1

nX
j=1

i6=j

Γe,i (t− s)Γe,j (t− s)

+ 1

T 2

TX
t=1

TX
s=1

1

n2

nX
i=1

Ee2ite
2
is

≤ 1

T 2

TX
t=1

TX
s=1

Ã
1

n

nX
i=1

Γe,i (t− s)
!2
+
1

T 2

TX
t=1

TX
s=1

1

n2

nX
i=1

q
E (e4it)E (e

4
is)

= Ie + IIe, say,

where the inequality holds by the Cauchy-Schwarz inequality.
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Under Assumption 2,

sup
i
|Γe,i (h)| ≤ sup

i

∞X
j=0

|dijdij+h| ≤
∞X
j=0

d̄j d̄j+h
let
= Γ̄e (h) . (23)

So,

Ie ≤ 1

T 2

TX
t=1

TX
s=1

Γ̄e (t− s)2 ≤ 2

T

∞X
h=0

Γ̄e (h)
2 . (24)

Since

∞X
h=0

Γ̄e (h)
2 =

∞X
h=0

 ∞X
j=0

d̄j d̄j+h

2

≤
 ∞X
h=0

∞X
j=0

d̄j d̄j+h

2

≤
 ∞X
j=0

d̄j

4

< M, (25)

we have

RHS of (24) = O
µ
1

T

¶
,

and so,

Ie = O

µ
1

T

¶
.

Next, since

sup
i,t
Ee4it < M

by Lemma 6(a), we have

IIe =
1

T 2

TX
t=1

TX
s=1

1

n2

nX
i=1

q
E (e4it)E (e

4
is) = O

µ
1

n

¶
.

In consequence,

E

°°°° e0enT
°°°°2 = Oµ 1T

¶
+O

µ
1

n

¶
and so, °°°° e0enT

°°°° = Opµmaxµ 1√
T
,
1√
n

¶¶
,

as required. ¥

Part (f).
Notice that

1

nT
tr
¡
f00ee0f0

¢
=

1

nT
tr

Ã
TX
t=1

f0t e
0
t

!Ã
TX
s=1

esf
00
s

!
= tr

Ã
1

nT

TX
t=1

TX
s=1

f0t f
00
s

Ã
nX
i=1

eiteis

!!

=
1

n

nX
i=1

tr

Ã
1√
T

TX
t=1

f0t eit

!Ã
1√
T

TX
t=1

f0t eit

!0
=
1

n

nX
i=1

°°°°° 1√
T

TX
t=1

f0t eit

°°°°°
2

.
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Denote Γf (h) = E
¡
f0t f

00
t−h
¢
. Under Assumptions 2 and 3,

E

 1
n

nX
i=1

°°°°° 1√
T

TX
t=1

f0t eit

°°°°°
2
 = tr " 1

n

nX
i=1

1

T

TX
t=1

TX
s=1

Γf (t− s)Γe,i (t− s)
#

≤
√
K

°°°°° 1n
nX
i=1

1

T

TX
t=1

TX
s=1

Γf (t− s)Γe,i (t− s)
°°°°°

≤
√
K

T

TX
t=1

TX
s=1

kΓf (t− s)k Γ̄e (t− s) ≤
√
K

vuut 1

T

TX
t=1

TX
s=1

kΓf (t− s)k2
vuut 1

T

TX
t=1

TX
s=1

Γ̄e (t− s)2

≤ 2
√
K

vuut ∞X
h=0

kΓf (h)k2
vuut ∞X
h=0

Γ̄e (h)
2
< M,

where the Þrst equality holds because f0t and eit are assumed to be independent, the
Þrst inequality holds by the deÞnition of Γ̄e (t− s) in (23) , the second inequality is the
Cauchy-Schwarz inequality, and last inequality holds due to the summability conditions
of Assumptions 2(ii) and 3(ii).
Since 1

nT tr
¡
f00ee0f0

¢ ≥ 0 and E 1
nT tr

¡
f00ee0f0

¢
< M, we have the required result,

1

nT
tr
¡
f00ee0f0

¢
= Op (1) . ¥

Part (g).
Letting bij =

¡
β0i
¢0
β0j , notice that

tr

µ
β00e0eβ0

nT

¶
=

1

nT
tr

 nX
j=1

β0je¯
0
j

Ã nX
i=1

e
¯i
β00i

!
=

1

nT

nX
i=1

nX
j=1

bij

TX
t=1

eitejt

=
1

nT

nX
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TX
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e2it +
1

nT

nX
i=1

nX
j=1

i 6=j

bij

TX
t=1

eitejt = Ig + IIg, say.

First, since supitEe2it < M by Lemma 6(a) and by Assumption 6,

E |Ig| ≤M
Ã
tr

Ã
1

n

nX
i=1

β0iβ
00
i

!!
= O (1) ,

and so,

Ig = Op (1) .
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Next, for IIg, consider E (IIg)
2
. Since

E (IIg)
2 =

1

n2T
E

 nX
i=1

nX
j=1

i 6=j

bij
1√
T

TX
t=1

eitejt


 nX
k=1

nX
l=1

k 6=l

bkl
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n2T
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b2ijE

Ã
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eitejt
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by the independence of eit across i

≤ M2
1

n2T
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Ã ∞X
h=0

Γ̄e (h)
2

!
→ 0,

whereM1 andM2 are Þnite constants and the last convergence holds because
³P∞

h=0 Γ̄e (h)
2
´
<

M by (25) and 1
n2

Pn
i=1

Pn
j=1

i 6=j
b2ij = O (1) by Assumption 6. Therefore, we have

IIg = Op

µ
1√
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¶
= op (1) ,

and we have all the required result that
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µ
β00e0eβ0
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= Op (1) . ¥

Part (h).
We can write
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t=1 (eitejt −E (eitejt)) . First, by the Cauchy-Schwarz inequality,
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where the last equality holds because supi,j EX
2
ij,T < M by Lemma 7, 1n

Pn
i=1

°°β0i°°2 =
O (1) by Assumption 6, and supi,T E

³
1√
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<M.

Next, for some Þnite constant M1,
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where the last equality holds because supiE
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= O (1) by Assumption 6. Thus,
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Together, we have the required result,
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Part (j).
The required result follows because
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Proof of Lemma 10
Parts (a) and (b). Parts (a) and (b) follows because
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and
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Parts (f) and (g). Parts (f) and (g) follow because
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Parts (h) and (i) Parts (h) and (i) follow because
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Proof of Lemma 11
See Moon and Perron (2002). ¥

Proof of Lemma 12
See Moon and Perron (2002). ¥
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2.2 Appendix B: Proofs of the Results in Section 2.1

Proof of Lemma 1.
By deÞnition,
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then the required result follows.
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where the Þrst equality holds by Lemma 9(a) and Lemma 10(a).
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Next,
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For IIIac, by Lemma 8(a), we have
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Combining Part (a1) and (a2), we have the desired result for Part (a).
Part (b)
Notice that

1

nT
tr
¡
Z0−1 (Z − Z−1)

¢
=

1

nT
tr

µ
Z0−1

µ
− 1√

nT
Z0−1Θ+ y

¶¶
= − 1

n
√
nT 2

tr
¡
Z0−1Z

0
−1Θ

¢
+

1

nT
tr
¡
Z0−1y

¢
= −Ib + IIb, say.

For part Ib, by deÞnition

Ib =
1

n
√
nT 2

tr
¡
αl0TZ

0
−1Θ

¢
+

1

n
√
nT 2

tr
¡
Z00−1Z

0
−1Θ

¢
. (26)

Using similar arguments in the proof of Lemma 9(a), it is possible to show that°°Z0−1Θ°°√
nT

= Op (1) .

So, by Lemma 9(a), we have

(26) ≤ 1√
nT

kαk√
n

klTk√
T

°°Z0−1Θ°°√
nT

+
1√
n

°°Z0−1°°√
nT

°°Z0−1Θ°°√
nT

= Op

µ
1√
n

¶
= op (1) .

Next, for part IIb, since

IIb =
1

nT
tr
¡
(Z−1 − Z−1 (0))0 y

¢
+

1

nT
tr
¡
Z0−1 (0) y

¢
=

1

nT
tr
¡
Z0−1 (0) y

¢
+ op (1)

by Lemma 10(b), to have the required result, it is enough to show that

1

nT
tr
¡
Z0−1 (0) y

¢⇒ 1

2
tr
¡
Bf (1)Bf (1)

0Σβ
¢
+
1

2
ω2e −

1

2
tr (ΣfΣβ)− 1

2
σ2e.

First, we have

1

nT
tr
¡
Z0−1 (0) y

¢
=

1

nT
tr (αl0Ty) +

1

nT
tr
¡
Z00−1 (0) y

¢
=

1

nT
tr
¡
Z00−1 (0) y

¢
+ op (1) ,

where the last equality holds since

1

nT
tr (αl0Ty) ≤

1√
T

kαk√
n

kl0T yk√
nT

= Op

µ
1√
T

¶
,

33



where the last equality holds by Lemma 9(i∗∗).
Also, by deÞnition, we may have
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Therefore, we have the required result,
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and we complete the proof. ¥

Proof of Lemma 2.
See Moon and Perron (2002). ¥

Before we start the proof of Lemma 4, we introduce the following Lemmas. DeÞne
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1

n

nX
i=1

�λe,i, �ω
n,2
e =

1

n

nX
i=1

�ω2e,i, and �φ
n,4

e =
1

n

nX
i=1

�ω4e,i.

Lemma 16 (a) Under the conditions of Lemma 4(a),
√
n
³
�λ
n

e − �λ
n

e

´
= op (1) .

(b) Under the conditions of Lemma 4(b), �ω2e − �ω2e = op (1).
(c) Under the conditions of Lemma 4(c), �φ

4

e − �φ
4

e = op(1).

Proof of Lemma 16.
Part (a).
By the deÞnition of �e, we write

�e = e− f0β00
³
P�βK

− Pβ0
´
− eP�βK −

£¡
�ρpool − 1

¢
lTα

0 +
¡
�ρpool − 1

¢
Z0−1 + Z

0
−1 (ρ− In)

¤
Q�βK

= e−R1 −R2 −R3, say.
DeÞne R = R1+R2+R3. Let rit be the (t, i)

th element of the (T × n) matrix R. Similarly,
deÞne rk,it with Rk, k = 1, 2, 3. Using this notation, we write

√
n
³
�λ
n

e − �λ
n

e

´
=

1√
nT

T−1X
j=1

w

µ
j

hλ

¶ nX
i=1

X
1≤t,t+j≤T

(�eit�eit+j − eiteit+j)

=
1√
nT

T−1X
j=1

w

µ
j

hλ

¶ nX
i=1

X
1≤t,t+j≤T

(ritrit+j − eitrit+j − riteit+j)

= Ia − IIa − IIIa, say.
For Ia, by the Cauchy Schwarz inequality,

Ia ≤
√
n

T−1X
j=1

w

µ
j

hλ

¶ 1

nT

nX
i=1

TX
t=1

r2it

Under Assumption 12, since 1
hλ

PT
j=1w

³
j
hλ

´
→ R∞

0 w (x) dx < M,

T−1X
j=1

w

µ
j

hλ

¶
= O (hλ) . (27)

Also,

1

nT

nX
i=1

TX
t=1

r2it =
1

nT
kR1 +R2 +R3k2 ≤ 2

½
1

nT
kR1 +R2k2 + 1

nT
kR3k2

¾
.

Since

R1 +R2 = f0β00
³
P�βK

− Pβ0
´
+ eP�βK

= ePβ0 + y
³
P�βK

− Pβ0
´
,
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kR1 +R2k2 ≤ 2
°°ePβ0°°2 + 2°°°y ³P�βK − Pβ0´°°°2

First, since β00e0eβ0
nT is positive deÞnite,

1

nT

°°ePβ0°°2 =
1

n2T
tr

Ã
eβ0

µ
β00β0

n

¶−1
β00e0

!
=

1

n2T
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Ãµ
β00β0

n

¶−1
β00e0eβ0

!

≤ 1

n

°°°°°
µ
β00β0

n

¶−1°°°°° tr
µ
β00e0eβ0

nT

¶
.

Since β00β0
n → Σβ > 0 by Assumption 6,°°°°°

µ
β00β0

n

¶−1°°°°° = O (1) ,
and by Lemma 9(g),

tr

µ
β00e0eβ0

nT

¶
= Op (1) .

Therefore,

1

nT

°°ePβ0°°2 = Opµ 1n
¶
. (28)

Next, 1
nT

°°°y ³P�βK − Pβ0´°°°2 = Op ¡ 1n¢ because
1

nT

°°°y ³P�βK − Pβ0´°°°2 ≤ 1

n

kyk2
nT

°°°√n³P�βK − Pβ0´°°°2 = Op
µ
1

n

¶
(29)

where the equality holds by Lemma 3 and the fact that kyk2
nT = Op (1) by Lemma 9(k).

Thus, from (28) and (29) we have

1

nT
kR1 +R2k2 = Op

µ
1

n

¶
. (30)

For 1
nT kR3k2 , notice that
1

nT
kR3k2

≤ 2T 2
¡
�ρpool − 1

¢2 1

nT 3

°°°lTα0Q�βK°°°2 + 2T 2 ¡�ρpool − 1¢2 1

nT 3

°°°Z0−1Q�βK°°°2
+2T 2 kρ− Ink2 1

nT 3

°°°Z0−1Q�βK°°°2
≤ 2

T

³
T 2
¡
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¢2´( 1
T

klTk2
T
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n

³
1 +

°°°P�βK°°°´+
°°Z0−1°°
nT 2

³
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°°°P�βK°°°´
)
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2

T

³
T 2 kρ− Ink2

´ °°Z0−1°°
nT 2

³
1 +

°°°P�βK°°°´
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µ
1

T

¶
, (31)
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where the last line holds because T
¡
�ρpool − 1

¢
= Op (1) by Lemma 1, T kρ− Ink = Op (1) ,

1
nT 2

°°Z0−1°°2 = Op (1) by Lemma 9(a),
°°°P�βK°°° = Op (1) by Lemma 3, and

°°Pβ∗K°°2 =
Op (1) .
Now, from (30) and (31) , we deduce that

1

nT

nX
i=1

TX
t=1

r2it = Op

µ
1

n

¶
+Op

µ
1

T

¶
. (32)

Therefore,

Ia =
√
nO (hλ)

µ
Op

µ
1

n

¶
+Op

µ
1

T

¶¶
= Op

µ
max

µ
hλ√
n
,
hλ
√
n

T

¶¶
. (33)

Next, for IIa, write

IIa =
1√
nT

T−1X
j=1

w

µ
j

hλ

¶ nX
i=1

X
1≤t,t+j≤T

eit (r1,it+j + r2,it+j + r3,it+j) = IIaa + IIab + IIac, say.

First, we have

IIaa =
1√
nT

T−1X
j=1

w

µ
j

hλ

¶ nX
i=1

X
1≤t,t+j≤T

eitr1,it+j =
1√
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w

µ
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¶ X
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e0t
³
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´
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´ 1√

nT
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w

µ
j
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¶ X
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0
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≤ √

n
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µ
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0
t

°°°°°°
 since tr (AB) ≤ kAk kBk .

From Lemma 3, we have

√
n
°°°P�βK − Pβ0°°° = Op (1)

as (n, T →∞) with n
T → 0. Also,
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w

µ
j
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j
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nT
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0
t
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=
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w

µ
j
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T 2
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X
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00
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.
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Notice that

E

T−1X
j=1

w

µ
j

hλ

¶vuut 1

T 2

X
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X
1≤s,s+j≤T
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≤
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w

µ
j

hλ

¶vuut 1

T 2

X
1≤t,t+j≤T
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=
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T
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µ
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µ
hλ√
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¶
.

Therefore,

1

nT
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j=1

w

µ
j
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¶°°°°°°
X

1≤t,t+j≤T
β0f0t+je

0
t

°°°°°° = Op
µ
hλ√
T

¶
,

and

IIaa = Op

µ
hλ√
T

¶
. (34)

Next, similarly to IIaa and letting �β
0
K,i be the i

th row of �βK , we have

IIab =
1√
nT

T−1X
j=1

w

µ
j
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¶ X
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e0tr2,t+j =
1√
nT
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w

µ
j
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=
1√
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Ã
1

n
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�βKi
�β
0
Ki

!−1T−1X
j=1

w

µ
j

hλ
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T
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Ã
1√
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!Ã
1√
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!
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n
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i=1
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°°°°° 1√n
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i=1

eit�βK,i
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≤ 1√
n
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Ã
�β
0
K
�βK
n

!−1°°°°°°
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w

µ
j
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¶ 1

T
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°°°°° 1√n
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i=1
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°°°°°
2

=
1√
n

°°°°°°
Ã
�β
0
K
�βK
n

!−1°°°°°°
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j=1

w

µ
j
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¶ trµ 1
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�β
0
Ke

0e�βK

¶
, (35)

where the Þrst inequality holds because tr(AB) ≤ kAk kBk and the second inequality
holds by the Cauchy-Schwarz inequality. Since

�β
0
K
�βK
n

=
β̄K√
n

0µ
�y0�y
nT

¶
β̄K√
n
= ΛnT,K →p ΛK ,
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where ΛK is of full rank by Lemma 13(a),°°°°°°
Ã
�β
0
K
�βK
n

!−1°°°°°° = Op (1) .
By Assumption 11, we have

TX
j=1

w

µ
j

hλ

¶
= O (hλ) .

Finally,

tr

µ
1

nT
�β
0
Ke

0e�βK

¶
=

1

nT

°°°e�βK°°°2 ≤ 2 1nT kek2 °°°�βK − β∗K°°°2 + 2 1nT °°eβ0°°2 kHKk2
= Op (1)Op (1) +Op (1)Op (1) = Op (1) ,

where the Þrst inequality of the second line holds since supitEe
2
it <M, by Lemma 15(b),

Lemma 9(j), and Lemma 14. Therefore, (35) = Op
³
hλ√
n

´
, and we have

IIab = Op

µ
hλ√
n

¶
. (36)

Next, for IIac, using the Cauchy-Schwarz inequality, we have

IIac ≤
√
n

T−1X
j=1

w

µ
j
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¶
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nT

nX
i=1
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2
it < M,

1
nT
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t=1 e

2
it = Op (1) .Also,

1
nT
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1
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¡
1
T

¢
by (31) . Thus,
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√
nO (hλ)Op

µ
1√
T

¶
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Ãr
nh2λ
T

!
. (37)

In view of (34) , (36) , and (37) and since n
T → 0 under Assumption 10, we have

IIa = Op

µ
hλ√
T

¶
+Op

µ
hλ√
n

¶
+Op
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nh2λ
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Ã
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hλ√
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r
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.

In a similar fashion, we can show that

IIIa = Op

Ã
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(
hλ√
n
,

r
nh2λ
T

)!
.

Combining Ia, IIa, and IIIa, we have
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Under the regularity conditions of the lemma,

hλ√
n
∼ nb−1/2 → 0

since b < 1
2 . Next, for n, T large,
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√
n√
T
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T
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2 . Therefore,
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as required. ¥

Part (b)
Similarly to Part (a), we write

�e = e− f0β00
³
P�βK

− Pβ0
´
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Using this notation, we write
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Next, for IIb, write
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Similar to Part (a), for some constant M,
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Hence,
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Next, similar to IIba and Part (a), we have

IIbb =
1

nT

T−1X
j=−T+1

w

µ
j

hω

¶ X
1≤t,t+j≤T

e0tr2,t+j =
1

nT

T−1X
j=−T+1

w

µ
j

hω

¶ X
1≤t,t+j≤T

e0tP�βKet+j

=
1

n
tr

Ã 1
n

nX
i=1

�βK,i
�β
0
K,i

!−1 T−1X
j=−T+1

w

µ
j

hω

¶
1

T

X
1≤t,t+j≤T

Ã
1√
n

nX
i=1

eit+j�βK,i

!Ã
1√
n

nX
i=1

eit�β
0
K,i

!
≤ 1

n

°°°°°°
Ã
�β
0
K
�βK
n

!−1°°°°°°
 T−1X
j=−T+1

w

µ
j

hω

¶
1

T

X
1≤t,t+j≤T

°°°°° 1√
n

nX
i=1

eit+j�βK,i

°°°°°
°°°°° 1√
n

nX
i=1

eit�βK,i

°°°°°


≤ 1

n

°°°°°°
Ã
�β
0
K
�βK
n

!−1°°°°°°
 T−1X
j=−T+1

w

µ
j

hω

¶ 1

T

TX
t=1

°°°°° 1√
n

nX
i=1

eit�βK,i

°°°°°
2

=
1

n

°°°°°°
Ã
�β
0
K
�βK
n

!−1°°°°°°
 T−1X
j=−T+1

w

µ
j

hω

¶ trµ 1

nT
�β
0
Ke

0e�βK

¶
=

1

n
Op (1)O (hω)Op (1) .
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Next, for IIbc, using the Cauchy-Schwarz inequality, we have
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In view of (40) , (41) , and (42) and since n
T → 0 under Assumption 10, we have
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in a similar fashion, we can show that
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Combining Ib, IIb, and IIIb, we have
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Under the regularity conditions of Part (b), since b < 1,
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n
∼ nb−1 → 0.

Also, by deÞnition, for n, T large,
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Therefore, Op
³
max

³
hω
n ,

hω√
T

´´
= op (1) , and we have
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as required. ¥

Part (c)
Notice by the Cauchy-Schwarz inequality that¯̄̄̄
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where the last inequality holds because (a+ 2b)2 ≤ 2a2 + 8b2 and √a+ b ≤ √a+√b. In
view of (45), the required result follows if we show that
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Similar to (45) , we have
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Thus, in view of (48) together with (49) and (51), we have the required result for Part
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Part (c1)
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and letting rit be the (t, i)
th element of the (T × n) matrix R, we have by the Cauchy-

Schwarz inequality that
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where the last equality holds by (32). Also, by the Cauchy-Schwarz inequality,
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Since b < 1
4 ,
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∼ n2b−1/2 → 0.
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Also,
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and this completes the proof of Part (c1). ¥

Proof of Lemma 4.
Part (a).
In order to have the required result, by Lemma 16(a), it is enough to show that
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as required for Part (a). ¥

Part (b).
3For details on this, see equation (B.27) on page 985 of Moon and Phillips (2000).
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Similar to Part (a), by Lemma 16(b), it is sufficient to show that
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Along the same lines as the proofs of Theorems 9 and 10 of Hannan (1970), it is possible
to show under Assumption 2 that
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and we have all the required results to complete the proof. ¥

Proof of Theorem 2 :Parts (i) � (iv) in the proof of Part (b) in Moon and Perron
(2003).
We need to show that
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Part (i) holds because°°°°° �β
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where the Þrst equality holds by Lemma 15(b) and Lemma 9(i∗∗).
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For Part (iii), by the triangle inequality and the Cauchy-Schwarz inequality, we have°°°°° �β
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as required for Part (iii).
Part (iv) holds similarly since°°°°° �β
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In what follows we show that
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by Assumptions 6, 3, and Lemma 9(i). Next, for Part (v2), by the triangle inequality,°°°°³�βK − β∗K´0 Z0T°°°°
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where the last line holds by the same principle of the last line of Part V1 with
kET k√
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= Op (1) by Lemma 9 (i) and (i∗). For the remaining term
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where the last line holds by Lemma 15(b), Lemma 9(e). Also the second term is°°°Λ−1nT,K°°°°°H−1
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by Lemma 9(h). Therefore, kβ̄
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= op (1) and so in consequence,

Vb = op (1) . (56)

Before we start the proof of Vc = op (1) , we deÞne
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Similar to Va, we have
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Similar to Vb, we have
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>From Vca and Vcb, we have the required result that Vc = op (1) . Combining Va, Vb, and
Vc we have the required result for Part (v2), and in consequence, we complete the proof
of Part (v).
Finally, for Part (vi), notice by the triangle inequality that
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By Lemma 15(b) and Lemma 9(k), the Þrst term

V Ia =
1√
n
Op (1) = op (1) .
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where the last line holds by Equation (??) , Lemma 14, Assumption 7, Lemmas 9(e) and
(f). For the remaining term
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where the last line holds by Lemmas 13, 15(b), 9(e), and 14, by Assumption 6, and by

tr

µ
β00e0ee0eβ0

n2
√
nT 2

¶
= tr

µ
ee0eβ0β00e0

n2
√
nT 2

¶
≤ 1√

n

kek2
nT

tr
¡
β00e0eβ0

¢
nT

=
1√
n
Op (1)Op (1)

due to supitE
¡
e2it
¢
< M and Lemma 9(g). From this, we deduce that

°°° β̄0Ke0ey0yβ0n2
√
nT2

°°° =
op (1), which leads to

V Ib = op (1) .

53



Therefore, °°°°° �β
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as required, and this completes the proof part (vi). ¥
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2.3 Appendix C: Estimation of the Number of Factors

Proof of Theorem 3
The proof is similar to the proof of Theorem 2 of Bai and Ng (2002). Thus, we only

sketch the proof here.
Proof of Part (a).
First, notice that the required result follows if we show that for r 6= K,
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where β∗K is the rotated matrix of factor loadings deÞned in lemma 15. In what follows,
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since HK , the rotating matrix deÞned in lemma 15, is asymptotically full rank K × K
matrix. Also, since
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where the Þrst equality of the second line holds by Lemma 9(e).
The convergence of II11 to a negative number can be obtained by following the same

lines of arguments in Bai and Ng (2002, proof of Lemma 3) or in Stock and Watson (1998,

proof of Theorem 2 on page 48), and we omit the details here. Thus,
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Case (ii): K + 1 ≤ r ≤ K̄.
We follow similar arguments in the proof of Lemma 4 of Bai and Ng (2002). For
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in the theorem, we have the required result that P
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as required. Next, for III2, notice that
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Proof of Part (b).
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3 Appendix D: Proofs for the results in Section 3

Proof of Lemma 5.
The proofs of Parts (a) and (b) are similar to those of Lemma 2(a) - (c), and we omit it.6
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6Upon requestion, the details of the proofs could be obtained from the authors.
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which yields
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the proof of Part (d) is done.
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which follows by a direct calculation that leads to
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and we have all the required result.
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Then,
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Then, for model k = 0, it is possible to show that
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