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1 Summary of Moon and Perron (2003)

This note contains the omitted proofs of Moon and Perron (2003). The notation used in
this note is identical to that of Moon and Perron.

1.1 A Simple Model

The model:
Zie = Qi+ 2y (1)
= piZgo1 T+ Yt
where 2, = 0 for all i.
Assume
0;
o =1— 2
Pi NGB (2)

where 6; is a non-negative random variable.

Assumption 1 The random variables 0; are iid with mean p, and a finite fourth mo-
ment, and they are defined on [0, Mp].

With this assumption, the hypotheses we will consider are

HO:‘[LGZO.
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against the local alternative
Hi e > 0.
Under Assumption 1, the null hypothesis is equivalent to
Hy : 6; = 0 for all 4.

To model the correlation among the cross-sectional units, we will assume that the error
term in (1) follows an approximate factor model:

it = 5?]01? + eit, (3)

where f{ are K —vectors of unobservable random factors, ﬂ? are nonrandom factor loading
coefficient vectors (K — vector), e;; are idiosyncratic shocks, and the number of factors K
is unknown.

Assumption 2 (i) e; = Z;io d;jvir—j, where vy are 1d(0,1) across i and over t, have
a finite eighth moment.

(ii) Let ks = E (vf;) . Then, inf; 37 dij > 0.
(tii) Let d; = sup; |d;;| . Then, Z?iojmdj < M for some m > 1.

Assumption 3 (i) f) = Z;io cjui—j, where c; are K x K matrices of real numbers and
the K-vectors u; are iid(0, [x) across i and over t.

(i) 3520 3™ llejll < M for some m > 1.
Assumption 4 0;,u;, and vj, are independent.
Assumption 5 1 < K < K < oo, where K is known.
Assumption 6 Asn — oo, %Z;L:l BB — %5 >0.
Assumption 7 As T — 00, =3[ fOf¥ —, % > 0.

2
Define 02, = Y50 &2, o2, = (Zj"()dij) cand Aoy = Y00, Y0 dijdija. In this

notation, U“- signifies the variance of e;;, zﬂ- the long-run variance of e;;, and A.; the

one-sided long—run variance of e;;.

Assumption 8 Asn — oo,
(i) w2 < lim,, + 31" w2, (> 0) is well defined.
(i) o2 "< hmn =y we; (> 0) ds well defined.
(iii) o “ im,, 1 Ly, o2 i (>0) is well defined.

Assumption 9 sup; E (ai) < 00

We now define our matrix notation: Define

y = <g1,...,gT) Y, = (yil,...,yiT)’,
e = (e n)? e = (eir, - er),
Z = (Zi,Zyn), Zi = (21,0 2i1)
Zo1 = (Z—l 1ol n)? Z_y,;= (zi0, -~-72z‘T71)/7
2" = (&), 2y ) Z = (o zr)
Zgl = (Zol 1o+ 1n)7 Zol i = ( ?O?"'?Z?T—l)lv
o= (e ) P67 = (87, 80)"



Define
p(L) = dZCLg (p1L7 "'7an) )

where L denotes a lag operator. Write I7 = (1,...,1)", T x 1 vector of ones. Using our
matrix notation, we rewrite the model as

Z Ira + Z°, (4)
Z°(In—p(L)) = fB” +e.

1.1.1 Pooled Estimators and Their Asymptotics
Define the pooled autoregressive estimator:

. _tr (ZLlZ)
ppool - tr (Z/_lz—l) .

Lemma 1 Suppose that Assumptions 1 — 9 hold. Then, as (n,T — o), under the null
of unit root,

T (Ppoot — 1) = 3tr (By (1) By (1)’ Bp) + 302 — 3tr (%4%s) — 302
poo 1 .
e (1 By (1) By ) dr) 5+ 42

Define
. (Z_lQﬁoZ’) —nTA,

Proot = T (2 Q')

AP =15 A Define © = diag (61, ...,6,) . Now to find the asymptotic distribution
e n i=1 >
of ﬁ;‘ool, we write by definition that

\/ET <p;_ool - 1)
Vi (S5t (Z-1Qp0 (Z — Z-1)') — AL)
—dstr (Z-1Qp Z",)

NG (Wtr ( Qo (f ~02°, + y) > - xg)
Wtr( ~1QpZL4)
_ n;g tr ( 71Q60®Z911) 4 \/ﬁ (%t?" (ZEIQQOEI) — )\Z) -
—tr (Z-1Qp 2" ) —tr (Z-1QpZ',)

Lemma 2 Suppose that Assumptions 1 — 9 hold. Assume that (n,T — 00) with % — 0.
Then, the following holds.

(a) pztr (Z-1Qp 2" ) P
(b) wmtr (Z-1Qp02%,) — gﬂew
() Vi (3t (221Qe’) = AZ) = N (0, 36¢) -

()

w

1

2
l

p

Using the results in Lemma 2, we can derive the asymptotic distribution of \/nT’ <ﬁ>;00l - 1)
as follows.



Theorem 1 Suppose that Assumptions 1 — 9 hold. Assume that (n,T — oo) with % — 0.
Then,

R 202
\/”_-LT (p;ool - 1) = N <_/’L97 w4€> .

(&

1.1.2 Panel Unit Root Test Statistics and Their Asymptotics

In view of Theorem 1 and Lemma 2 in the appendix, we may deduce that

VvnT <p;_ool - 1) o N (_m) wi 1) (©)

[20! 26,
and
~+ 1 / W? wf:}
\/ET (p;llool - 1) Wtr (Zleﬁtol) E =N —He ﬁv 1 (7)

as (n,T — oo) with % — 0.
Estimation of 3°

To estimate (37, we use the principal component method. In model (??), since the
error term y;; is not observable, we use the residual

g =7Z - Z)poolZ*I'
To estimate 3° and f°, we minimize

tr((5-18') (- 18)')

V;LT(faﬁaK): nT

with respect to IB—;F = Ig or % = Ix. With the normalization %ﬁ = Ig, we have the
estimated factor loading matrix 35 that is a (n x K) matrix of y/n times the eigenvectors
corresponding to the K largest eigenvalues of §'j. Then, we obtain an estimator of the

factor, fx = %QBK On the other hand, if we use the normalization L:,Fi = Ik, we have the

estimated factor fx that is a (T’ x K) matrix of v/T times the eigenvectors corresponding
to the K largest eigenvalues of ¢, and the estimated factor loading 3, = %gj’ fx- Define

Lo N\ 1/2
B = B (—MK) , )

a re-scaled estimator of the factor loading!. This is the estimator of ° that we will use
in defining a panel unit root test statistic.

The following lemma shows that the projection matrix ¢ i is consistent and finds its
convergence order.

_ —-1/2
IThe rescaled estimator studied in Bai (2001) is B (M> .
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Lemma 3 Suppose that Assumptions 1 — 9 hold. Assume that (n,T — oo) with % — 0.

Then,
oo )

Estimation of the long-run variances

s, @

In order to implement the t-statistics in (6) and (7) , we also need consistent estimators,
. ~4
say )\:, wﬁ, and ¢, for \', w?, and ¢§, respectively, satisfying

V(A=) = o), 9)

(’Dg - Wz Op (1) ) (10)
and

4

e — de = 0p(1). (11)
In this section we propose estlmators of \I', w?, and d)e that satisfy these conditions.

Let é;; denote the (¢,1)" element of ¢ = yQ 4, Define the sample covariances L (j) =
% > ¢ €it€it+j, where the summation ), is defined over 1 < ¢,t 4+ j < T. To define the
estimators of the long-run variances \!', w?, and ¢ we use the following kernel estimators

of Ae,; and w? i
~ T 1 ] A
Aei = w( >F (12)
1

T-1 .
~92 ] S .
;= =1 (9), 13
= Y w(3)ro 1
where w (+) is a kernel function and h is a bandwidth parameter. Define

1 n_ 4 1 n
:EZAS,M e__Z We is and (bezgzdji,i' (14)
i=1 i=1

<.

. ~4
In order for the estimators /\:, &%, and ¢, to satisfy the desirable properties in (9) — (11),
we need the following assumptions on the kernel function and the bandwidth parameter.

Assumption 10 (Restriction on the convergence rate of n and T'). The size of the panel

(n,T) tends to infinity with liminf %LT > 1.
(n,T—oc) 8™

Define a = (111%1 inf % The parameter a is related to the speed of % tending to zero.
n, I'—oo

The restriction a > 1 1mphes that (n,T — oo) with & — 0 because for n,T" large,

n log T _logT
- elognflogT _ 6(1 logn)logn _ n(l 10gn) < n(lfa) 0.

T

The above assumption allows the parameter a to be infinity.



Assumption 11 (Kernel Conditions) The kernel function w () : R — [0, 1] is continuous
at zero and all but a finite number of other points, satisfying

[e e}

(i) w(0) =1, w(z)=w(-z), / w (z)® de < M,

—00

(i) wg = lim [1 —w (z) / [2]"] < oo

for some 0 < q < m, where parameter m is defined in Assumptions 2 and 3.

Assumption 12 (Kernel Conditions™) The kernel function w (-) satisfies the kernel con-
ditions in Assumption 11 as well as

1
1, —— .
(iii) max{ ,a_1}<q

Assumption 13 (Bandwidth Conditions) The bandwidths hy, hy,, and hg tend to infinity

satisfying the following conditions.
(a) by ~n? with 2 < b < min {251,211,
b) For 0 < q < 1, hy ~n? with 0 < b < min{1,2}. For ¢ > 1, h, ~ n® with
2
O<b<min{1,%,%}

(c)F0r0<q<1,h¢~nbwith0<b<%.Foqul,h¢~nbwithO<b<

: 1 a
mln{4,q}.

Lemma 4 Suppose that Assumptions 1 — 10 hold.
(a) If the kernel window satisfies Assumption 12 and the bandwidth hy satisfies As-
sumption 13(a), then,

Vit (AL =AL) = 0p(1):

(b) If the kernel window satisfies Assumption 11 and the bandwidth h, satisfies As-
sumption 18(b), then

(c) If the kernel window satisfies Assumption 11 and the bandwidth hy satisfies As-
sumption 13(c), then

¢e7¢3:011(1)'

In view of (6) and (7), using (8) and (14), we may define the following t— statistics
for the unit root null:

= \/ﬁT (p;ool B 1)

a )
~4
24,
ot



and

* . 1 We
ty = VnT (Ppoo — 1) \/WW (Z—lQBKZL1> (f)
where
tr (Z_lQBK Z’) —nTA

tr (Z,lQBKZLl)

Ak _
ppool -

Theorem 2 Suppose that Assumptions 1 — 18 hold. Then, under the null hypothesis,

* * wg
ta? tb = N f,ug %, 1 .
1.1.3 Estimation of the Number of Factors

In this section we discuss how to obtain a consistent estimator of the unknown number
of factors, K. Now for a given (n X r) matrix 3, let

t [ — . ; N . ’/r/

Wor (8,,7) = rr}lrn T((y fﬁn)T(y fﬁ))

tr(9Qs,9)
nT

To estimate the true number of factors, K, Bai and Ng (2002) propose to maximize the
following criterion function,

PC(r) = Wur (AT,T) +rGyr,
IC(r) = I (WnT <6r>> +1Gr,

where the penalty function G, r satisfies (i) G — 0 and (ii) min{n, T} G, r — 0. as
(n, T — 0).

Theorem 3 Suppose that Assumptions 1 — 9 hold and (n,T — o) following Assumption
10. Let

K = argminPC (r), K = argminIC (r).
1<r<K 1<r<K

Then, under the null of unit root,
(a) pliml {K = K} =1 and (b) pliml {K =K} =1

1.2 A Model with Incidental Trends

In this section, we extend our analysis and consider the dynamic panel model with deter-
ministic trends:

Zit = O‘;m’gk‘tJFZZQt (15)
2 = PN 1+ Y,



where
got = 1 and g1 = (1,15)/.

We continue to assume the local-to-unity framework (2) for p, and the approximate factor
structure (3) for y;;. We also assume that 2%, = 0 for all i. This model (15) is an extension
of the model in the previous section as it adds incidental trend components aj,;gx: rep-
resenting individual effects. When k = 0, i.e., g = 1, the model with incidental trends
(15) reduces to our original model (1). In this case, assuming Assumption [individual
effect], the panel unit root test statistic of the previous section was constructed ignoring
the incidental parameter. In this section, we take into account the incidental parameters
(or trends). We say the cases of k = 0 and k = 1 as model k£ = 0 and model k = 1, re-
spectivley. As in the previous section, we want to test for the null hypothesis H against
the (local) alternative Hj.

The main purpose of this section is to study the local power of a test constructed
using the ¢ statistics based on a (bias-modified) pooled estimator such as p*. To simply
the analysis, we assume that

pizl—%foralli,
et ~ 1id (0,1) with finite fourth moments across i and over ¢, f; ~ iid (0,1) over ¢, and e;4

and f; are independent. We also assume for convenience that the factor loading coeflicient
ﬂ? is observed. In what follows we Will investigate the asymptotic powers of the models

ﬁnd that the test has no asymptotlc power if 1 < n.for k=0 and i 5 <nfor k= 1. The
restrictions made in this section could be relaxed to the more general conditions assumed
in the previous section without changing any of the main results.

Define
4 tr (ZleﬁOZI) — nTbk,nT,
p;uool ~ ~
tr (Z_lQﬁozgl)
where by, 7 = E (tr (E_le )) The limit of by, 7 as T — cois by, = —F (fo fo ) hy (r,8) dW (s )dr) 2
where W (r) is a Wiener process, hy (r,s) = gi (r (fo ar () gi. (1)’ dr) gk (8), g0 (r) =

L and g; (r) = (1,7)". The correction term by, ,7 is the mean of the bias due to the serial
correlation generated by the detrended data E_; and e.
The typical t— ratio statistic is defined as

i \/tr (2-1Qu0 201 (P 1)

Lemma 5 Assume that n > i for model k =0 and n > % for model k = 1. Under the
assumptions made in this section, the following hold.

(a) —5tr (ZngQOZ%) —p (fol rdr — fol fol min (7, s) by (1, 8) dsdr),
(b) V/n [%tr (Ellé') - bk,nT} =N (o, lim,, 7 E (L S ST Fygén — b,wT)z) .
(c) nt/2=n [%tr <(291 -2 (0)) ngé’) Lo fo Jo (r—s) hy () dsdr} =0, (1).

2A direct calculation shows that by = f% for k =0 and 1.




(d) yn [n;z tr (291 (0) Qg0 22, (0)) - ( S vdr = [ [ min (r, ) by (r, 5) dsdr)} ~0,(1).
(©) skt (221 = 22, 0) @ (22, - 22, 0)) ) =0, 0.
() zratr (200 = 2°0(0)) Q22 (0) = 0, (1),

Theorem 4 Assume that n > i for model k =0 and n > % for model k = 1. Under the
assumptions made in this section, the t¥ statistic does not have an asymptotic power in

n%T neighborhood of the null of unit root.

2 Omitted Proofs

2.1 Appendix A

Suppose that A and B are (n x n) matrices. The following facts will be used frequently
in the following proofs; (a) tr (AB) < ||A||||B|| by the Cauchy-Schwarz inequality, (b)
if A is symmetric and positive semidefinite, then ||A| < tr(A) and tr(A) < /n|4],
and (c) if both of A and B are positive semidefinite, then tr (AB) < ¢r (4)||B||, and
tr (AB) < tr(B)||4|l. To distinguish the notation for the panel with p; = 1(¢; = 0) for all
i, we denote Z (0) and Z° (0) for Z and Z° in (4), respectively. Also we define F0 = = f°
and E = EZe, where E be a (T x T) lower triangular matrix such that

_ 11 0
(TXT) : ’
11 1
So,
Z(0) = lIpa' +2°(0),
z°0) = F°8Y+E,

where I7 = (1,...,1)". Similarly we define Z_;,Z_, (0),2°, (0), F°;, and E_; to denote
N—_——

T
the matrices of lagged panel data of Z, Z (0), Z° (0), F°, and E, respectively.

2.1.1 Properties of e;
A BN-Decomposition of e;;

We first introduce the BN-decomposition of the linear process e;; (see Phillips and
Solo, 1992 for more details). Under Assumptions 2, it is possible to decompose e;;

into
eit = d; (1) vit + Eit—1 — €3¢, (16)
where
o0
URD SRS o g o
Jj=0 s=j+1

B The following lemma holds under Assumption 2.



Lemma 6 (Existence of moments of e;+ and ;1)
(a) sup; , Eej, < M,
(b) sup, , Befy, < M,

1 T 2 2 2
(¢) supir B (TT i (ef - Ue,z')) <M.

1 T 4
(d) sup; £ (Tf it eit> < M.

C Xijr = % Zle (eitejt — E (eiteji)) . The following lemma holds under Assump-
tion 2.

Lemma 7 sup; ;E (X?J}T) <M.
Proof of Lemma 6

Part (a).
Notice that for some constant My,

(o] 4 o0 oo o0
SupEeft = supk Zdijvit_j < M SupZdejdfk—i-supdej
i,t 7,t =0 [ =0 k=0 [ =0
2
o] o0
cul(xe) [
j=0 Jj=0

Since Y72 d; < M,

7=0 7=0
and the proof is done.
Part (b).
Recall that
€it = Zjijvit—J
j=0

The required result follows because

o0
E sup
=0 "'

< 5fi ifi d;j;;jd% < M,
=

=0 s=j+1

and so,

<M

Sk

o0

D _sup

=0 "'
forany £ > 1. B

10



Part (c).
2
Notice that <% S (e~ agyi)> = X7, 7. Thus, Part (c) follows since sup; ; EX} 1. <
M. R

Part (d).
By definition,

ﬁ
Il
—

Si-
E
Q2
-~
S

&=
—

2

~

I
’ﬂ|>—n
HM%

1s=1p=1gq

Zzzzzdzmdlydzzdle (Uzt zVis—yVip—2Vig— w)- (17)

T
Z E (ejreiseip€iq)
T

WERINE
M= 1)~

1
=1 =z

I
=
M’ﬂ

o~
Il
—
w
Il
-
7
Il
—
».Q

Four case: (i)t—x:s—y;«ép—z:q—w, (i)t—z=p—2z#s—y=q—w, (i)
t—x=q-—w#s—y=p—z (iv)t—ax=s—y=p—z=q—w.

Case (i) x=t—s+vy, z=p—q+w. So,

2
T
(17) < Myoy, sup 7 S dir-spydiy | < Mo, (Zd) =M.
g t>s=1 y

Similarly, we can bound cases (ii) and (iii). For case (iv), z=p—q+w,y =w+(p —q)+
(s—q)h,z=w+p@P-q+(s—q+({t-s).

(17 < MZE( Lt) <T2 Z Zdzwdzw+(p q) dzw+(p Q)+(s—q) dzw-i-p @)+ (s—p)+(t— a)

g<p<s<t w

oo T—-1T—h—1T—h—m-—1 o B B
< (TQ Z Z Z Z Z dwd’w+}Ld’w+h+7ndw+}L+7n+n)
w=0 h=0 m=0 =0 t=h+m+n+1
oo T—-1T—h—1T—h—m-—1 T hem—n—1 o ~ B
= Z Z Z Z T dwdw+hdw+h+mdw+h+m+n
'w 0 h=0 m=0 n=0
4
1 - M
< =M d —.
5 3(2 ) <3

Proof of Lemma 7
Recall that

z]T Z €it€jt — Ltejt))

We first introduce the BN-Decomposition of e;ej; (for more details on this, refer to
Phillips and Solo, 1992). Notice that

eitejr = <Zdikvit—k> (Z%l%t—l)

= § dlkdjkvlt EUjt— K+ § § dlkdijrmv’Lt kUjt—k— m + § § d]kdlkervjt kVit—k—m-

m=1 k=0 m=1 k=0

11



Define

Dy} (L) =Y Dy wL¥, Dify = dirdjirm
k=0

and
Dy (1) = Z D L¥, DY = dipdim.
Then, we write

o0 o0
€itejt = D?j (L) virvje + Z D3} (L) vitvjt—m + Z D7 (L) vjtvit—m.-

m=1 m=1

As shown by Phillips and Solo (1992), under the assumption, we can decompose D} (L)
as follows,

Di(L) = D)+ (1-L)Dy(L),
DZ; (L) = ZDU k v;?,k: - Z ngl - Z dildj“rm'
I=k+1 I=k+1

Similarly, we can decompose D} (L), too. Using this, then, we write

€it€jt = D?] (1) Vit Vjt + (1 — L) D?] (L) Vit Vjt
Z D (1) vitvjte—m + (1= L) Y D (L) vitvje—m
m=1 m=1
0o
Z Dm thUitfm + (1 - L) Z D;'; (L) VjtVit—m,
m=1
and
1 <« 1
Xij,T = — Z (D” 1) VitVjt — D?L (1)) + —= < ij (L) Vi1Vj51 D?J (L) UzTUJT)
VT = T

D
T 00 1 00
Z (Z DLJ ULtht m) T <Z Dn} ( Vi1Vj1—m — Z D viT”jT—m)

T 0o 00 0o
1 1 g
+ T Z (Z D;,zL (1) th”it—m) + ﬁ Z D;,zl (L) Vj1Vil—m — Z D;,zl (L) va”iT—m) .
=1 =1

m=1 m=1
To show that sup,; EX} 5r < M, it is enough to show that

ﬁl

sup B(Xp ip) <M, k=1,...4,
ij

12



where

T
1
X = ﬁz 1) vipvje — Doi(l))
=1
L o
Xoijr = ﬁDZ (L) virvje
X3ijr = Z(ZD Uiﬂjt—m)
m=1
Xajr = ZDm ) Vit Ujt—mm.

m 1

1. (i) When ¢ = j : under the assumption (i),

T 4
sup EXf,n‘,T = F (% Z (vizt - 1)) D?i (1)4

t=1
< 0 (114 2, k8
DO (1)* (32 + T) < M,
because
[ee]
Do) =) di<M
k=0

under the assumption (ii).
(ii) When @ # j :

4
T
1
sup EXy ;7 = sup DY (L)'E <_T Z%‘t“jt)

wyéJJ i =1
4 K3
< D°(1) <3+?4> <M

Thus,
sup EXiij,T <M.
i

2. For some finte constant M;, we have

0

S

1 y 4 1 s
S EXyr = g sup B (D (Lyvevsr) = g sup B (Z
1] 9

Under the assumption (ii),

Supz( 0) = sqpi(lildudﬂ>2<i<i (P)Q (

Y k=0 Y k=0 \I=k+ k=0 \i=k+1
o 2
= (Zz&?) <M
=1

13

ij,kVit—kUjt—k

DI

k=0l=k+1

>4

)



Similarly,
supZ( wk) SZ(Z J?) S(Zl&?) < M.
"7 k=0 k=0 \l=k+1 =1

Thus,

M
supEX2 7 <75 — 0.
ij T

. Define

oM § : m

V5 gt — D Uj t—m-
m=1

For some finite constant M,

oo 4 (o] 2 oo
sup B (v;)" = sup B (ngawﬂm) < Mysup (ZDZ»;* <1>2) + (ZDz; <1>4)
)

m=1 v m=1 m=1

Since
! o oo ! oo 21
Sup (Z | D7 ( ) < Z <dedk+l> < (Z ZJka—&—l) < (Z@) <M
m=1 m=1 m=1 k=0 c=0

for any integer >0.

Now, for some constant M,

4
sup BXG i = SuPE< Zvnvl?t>

) )

= Sup T2 ZZZZE Uity 1Jt1UZt2 1gt2vlt3vzgt3vlt4vzjt4)

t1 to tsz ta

= BSEP ﬁz P2 <Uz‘2t1 AR G ) +SuP ZE< Vit )
t1  t2

t17#t2

2 2
¢ s (b ) -0 (5 ) <
E t

m

i1+ are uncorrelated.

where the last equality holds because v;; and v]
. Before we start, we calculate two moments. Define

zgt 1= E D’L]lvjt l—m-

m=1

For some finite constant M,

o0 o0 o0 o0 2
SupZE o) < Mysup ZZ(ui}L,z)ALJFZ(Z(vZ{l)Z)

W 1=0 )

N
Il
=
Il
—
Il
=



Notice

Sup (Z > (Di) ) = sup (g i ( > dzkdjk+rn>4 < i i ( i ch?k+m>4

=0 m=1 k=Il+1 =0 m=1 \k=l+1

< z(z 5 dd) sZ( 3 czk) < (z 3 czk)
1=0 \m=1k=I+1 1=0 \k=I+1 1=0 k=I+1
oo 8
= dek> <M
k=0
Also,
Supz <Z ( :;u) ) = SUpZ ( Z dikdjk+7n> Z Z < Z dkdk+m>
Y o1=0 \m=1 Y 1=0 \m=1 \k=I+1 1=0 \m=1 \k=I+1
< (Z Z JkaHn) < <Zka> < M.
=0 \m=1k=Il+1 k=0
So,
supZE o)t < M. (18)
Y=o

Next, for some finite constant My,

SUPZZE{zt 1 (03— ll) } [ th 12( Vi t— l2)2:|

Y 1,=01,=0
l1#l2

< Sgp<z [zt (77 1)4D2:ﬁ483p<§m>2

N
ij,t—1

because v;;—; and 0! are uncorrelated. Again, for some finite constant My,

o0 o0 o0 2
sup > (/E <77§'},t—z>4 < M Supz 3 (Dg{lr + (Z (D;ylf)

Y 1=0 =0 \ m=1 m=1

<
=0 \ m=1 \k=i+1 1=0 m—1 \k=I+1
< 2M122<z dd) <o, (zkdk>
=0 m=1 \k=Il+1 k=0

Thus,

sup Z ZE{ Vit—1y Uz;t Iy )2} [Uz?tle (77%42)2} < M. (19)

201,20
l1#l2

15



Now, for some finite constant My,

o

2

1
—sup F
T2 ij (m_l

1
2 supE(Zth i

=0

4
sup EXy ;5 7
ij

>4

<
Y 1,=01,=0
l17#l2
Miry v 4 M,
< =5 S B (i1, ) + g sup
i = ij
< M,

where the final inequality holds by (18) and (19). B

2.1.2 Preliminary Results

M oo o0 . A
77w | 33 [ohy, (#a0)’]

4
o 1
Dij (L) Uit”jt—m) = ESUPE< ZDLleLt 1Vjt—m— l)
ij e

11=01>=0

l1#l2

Lemma 8 Under Assumptions 1 — 9, the following hold. Let F; = 22:1 eis with By =

0.

(a) As (n T_’OO)7nT2Zz 12.t= 19Et 1 77p 2“9“)

(b) As (n, T — 00) with % — 0, v/t (7 S0y Y0y Buorew = AL) = N (0,467) .

Lemma 9 We assume Assumptions 1 — 9. Then, Parts (h) holds as (n,T — o) with

n

7 —0, and the other parts hold as (n
(a) ,LTz 1Z-1]* = O, (1)

, T — 00), where

() 5z |12 W2 = 1),

(c) nT2 tr (50IE/_ E_ 8 ) Op (1),

(d) 57 ||8” €' BB + 87 EL,1eB°|| = 0, (1),
M%MO@a%ﬂ)

(f) st (f7ee’ ) = 0, (1),

(0) = rir (87e'e0”) = 0,(1).

(h) ’IL\/7_LT\/T (B”€'eEr) = 0, (1), where Ex = €'lp,

(i) =7z 187tz || = 0, (1) (i) 7 lle'trll = 0, (1), (i)

0) e 19 Platall = 0, (1),
w%70<>
1lT}

(1),

Op (1)

Lyl =

Lemma 10 Suppose that Assumptions 1 — 9 hold. Then, the following hold.

(wﬁ2”¢22@“tﬂwmgvm»
() e Sy 8 S, (S e ) =0, (1),

16

o0 o0
2 ~m 2 2 ~m
E E E [vitfll (vij,tfll) } [’Uitfb (U

4

|:vi2t7l2 zgt lo :|+ZE|: Vig— l zgt l)4:|

7
ij,t—l2

')



(¢) i Y, 08 (S0 XUy S5 101 ) 8 = 0, (1),
(@) 7 iy W(Ezz“*SW%Q=%m.
(¢) 2 i 0 (LQZ“tsmﬁo=%m.

(1) || 77 Si i A28, S e (U0 S57E0) 87| =
@)ﬁ?zgl"1WW%§;2%(zt“s Lej, ) 4
(h) i | S 08287 (S, (- 1) £2)]| = 0, .
(i) 2 [ 800, (S0 (1= 3) )| = 00 ().

Lemma 11 Suppose that Assumptions 1 — 9 hold. Then, the following hold.
(a)TllZl— 1 (0[] =0, (1).
(b) \/,—LT r((Z- 1—Z 1(0))y’) =0, (1).
(¢) 7zt (21 = Z-1(0)) Qp,e’) = 0p (1)
(&) = |6 (21 - 20 )],
where Zp = (z17, .. znT)l and Z7 (0) = (217 (0), ..., ZnT (O))'.

Let 8, denote an (n x r) matrix, r < K. Define

(5()%)
Honr (8,) = tr (55 <%> \ﬂ/ﬁ)

(B (88”8,
H37LT (57) =1tr <\/ﬁ <T> ﬁ) .

The following lemma establishes the uniform convergence of the three functions.

op (1)
=0,(1).

Hint (8,)

and

Lemma 12 Suppose that Assumptions 1 — 9 hold. As (n,T — oo) with % — 0,
(@) sup ., [Hanr (By) = Hont (8,)] = 0p (1)

(b) SUPM =1, |H2nT (ﬂr) H?mT (ﬁ7)| = 0p (1) .

The relationship among the various estimators for 3° and f° are well known. Let
Ay1 i denote the diagonal matrix of the K largest eigenvalues of §¢'. Then, by definition,

and so
i'9 (y o An%,/i) = (@’f—KAn%fé) Rt x.

Since tr <]\_17/2 ﬁigjg)’fi[\;%



and in consequence,

< 1/2
- 1 .- : (Anr,
frx = EyﬂK = [k (nLTK)

Also, using the definition of K= % ' fi and the relations above, we deduce that
1/2
o [ BiB N nT K L= YU,
5K—5K< KK = IfK T ZTX/ K = TPk

This relation between B r and (g will be used a lot in the proofs of the appendix.
Recall that B is v/n times the (n x K) matrix of the orthonormal eigenvectors of the

first K largest eigenvalues of %l% Let A,7 x be the (K x K) diagonal matrix consisting
of the first K largest eigenvalues of ;LL/% (and also of §'9), i.e

"/

ﬂK - ﬂKAnTK

Define Ag to the (K x K) diagonal matrix consisting of the eigenvalues of ¥¥3. The
following lemma shows that the limit of A, 7 i is Ax. This lemma corresponds to Lemma
A.3 of Bai (2001), which was also implicitly proved by Stock and Watson (1998). The
main difference between the two lemmas is that Bai analyzes the relationship between
two estimators of the factors f{ using the observable data, while the following lemma
characterizes the relationship between two estimators of the factor loadings ﬂ? using the
residuals.

Lemma 13 As (n,T — oo) with % — 0, under Assumptions 1 — 9, the following hold.

(a) %_BIK%%BK = A1k —p AK~
(b) <ﬁ};ﬁ°> (f”;f”) <6°;53K) o Ak

Lemma 14 Suppose that Assumptions 1 — 9 hold. Assume that (n,T — oo) with % — 0

Then, the limit of
(SN (VB
= (50) (5)

s of full rank, and Hg is asymptotically bounded.

Lemma 15 Suppose that Assumptions 1 — 9 hold.
(a) Suppose that (n,T — o0). Then,

oo )

where B3 = B°Hy, Hx = (Lo;lf_o) (%

n

(b) Suppose that (n,T — oo) with % — 0. Then,

B — Bi
n

=0,(1).

18



(c) Suppose that (n,T — oo) with % — 0. Then,

Y Bk—ﬂ* N

(d) Suppose that (n,T — oo) with 7 — 0. Then,

BK_ﬂ;( , *
()

=0,(1).

Proof of Lemma 8

Part (a).
Part (a) holds by modifying the proof of Lemma 9(a) of Moon and Phillips (2000)
with ¢ = 0 and hr (s,t) = 1, and we omit the proof. B

Part (b).
Denote 02 ; = EeZ,. Then, A; = 3 (w2; — 02;) and
T T
1 1 (EZ 9 1(1 9 9
T ;Eipleit = Aeyi = 3 ( T " Weil 75\ 7T ; (eit - Ge,i) :
Then, we have
( T Z Eit—1ei — )
i=1 t=1
1 (ET > 1(1 2 )
LS (B e ) L (IS o2)) =g 1 sy
2vn & \'T 2vn \T &
First, by Lemma 6(c) we have
E(IL)*—0
as (n,T — o0). Therefore
II(] = 0p (1) .

Next, using the BN decomposition of e;;, we may write

MZ(EZZT‘ )
T ) b i

= Iba + Ibb + Ipe, say,

where V;r = 23:1 vis. By Lemma 6(b), we have

2yn . vn
E (Ipc) = 2T - ZE —eir)’ < Tszutp (Bé&,) < TM

19



Since Iye > 0 and 7 — 0,
I(,c = 0p (1) .

For Ip,, we apply Theorem 3 in Phillips and Moon (1999) and use Assumption 8. Then,

we have
1 O 2 <VzT > < L 4
— E we ; —-1)=N(0,=-¢.).
2\/n —~ T 2

Finally, by the Cauchy-Schwarz inequality together with I, = o0, (1) and I, = O, (1),
we have

I(,b = 0p (1) .
Therefore, as (n,T — oo) with 2 — 0,

( ZZEM lezt* ) *Iba“i’op( ):>N<07%¢§)7

i=1 t=1

and we have the required result. l
Proof of Lemma 9

Part (a).
Since

A

P ) 1
= 2 1Za0F 0, (5)

by Lemma 10(a), the required result follows if we show that

1 2 2 2
m”z—lﬂ g 1Z2-1( 0)]* + g 1221 = 21 (0)l]

1
121 ()] =0, (1).
By definition,

1 1 2
—5 1121 )| = — ira’ + FO. 8% + E_y||” <2(1, + 11, + I11,),

I, = = |E)?, PO = 2f2,, and

HFolﬁOI

2
where I, = == ||z|”, 11, =
E,1 = Eefl.
For 1, since sup; Fa? < M by Assumption 9,

n-o.(2)

T2 H 7150/” (ﬁO/ﬁOFOI FO )

: ((a Zlﬂ?ﬂ?') (T— ZFF>> ~0,0).

20

’ILT2

Next, for I1,, notice that

11, =



where the last equality holds because 7 Z;‘ll F?  FY, = O, (1) under Assumption 3
and 237 | 393Y = O (1) under Assumption 6.
Finally, for I11,, as in the proof of Lemma 8(a) with 6; = 1,

1 2 CL)
IILI:WHEle ZTQ ZELt 1 :

Thus, =% || Z_4 (0)]*> = 0, (1), as required. W

ml\')

Part (b).
Let Z} and y; denote the t*" rows of Z and y, respectively. Since

Z_q =lrd +2°,

we have
RS |2 y+y'Z H<—2 lly/'1 o/||+—1 2%y + ' 2%
T Yy Ty4La _nTyT T Y TY L]
First,
L ol J 1N [1#70e] | lle'ta]
— 11 < =1
wmm'vff{f'f' VT

o)

(10, () +0, 1) = 0, (=)

1
VT VT

where the first equality holds by Assumption 9, and Part (i*).
Next, using ZY = pZ?_; + y;, we may write

T
2Ny +y' 22, = Z(Z?qyg‘f‘ytzl?ﬁ)
t=1

792y +pZ° 2% 1 p— Z2 20 + (p— 1) 2%y + ' 2%, (p— 1) +4/'y.
So,

1
— \|Z’,1y+y’Z71H

||Z%|| 2 [ 2% —1|| 2"
< TH — L) +2( THp Inll) ==
2 z°

VT VT /nT

o |2 0112
By Part (a), J-I%“— = Op (1). Similarly we can show that JJ%H— = O (1). Notice that
Tlp—1I, = % |©]| = O, (1) and % = O, (1) by Part (k). Therefore,
(20) = Op (1),

as required. W

Part (c).
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Notice that

1
?ﬁ” (ﬁO/ElflEflﬁO)

1 & o 1 & '
<T—¥<\/—Zﬁ By 1) <%;ﬁlEztl>>
1 T n

(21)

Zﬂ Ezt 1

Define V;; = Z';:l v;s with Vg = 0. Using the BN decomposition of e;;, we have

Eiy1=d;iVig—1 + €0 — €ip—1,

where d; = d; (1) . Plugging this into (21),

T n 2
1
(21) = T_; Zﬁo dVth 1+6L0 ezt 1)
T n 2
< 2T2Z Zﬁd‘/;t 1 Zl i (€io — €it—1)
= 2. +11.), sa

Set d = Z;io c?j. Since I. > 0 and

1 T

El. = FE =tr

n 2 T n . ,

1 0 1 1 1 0,

\/ﬁ;ﬁidzwt—l T ; (ﬁ%ﬁ'di%ﬁ—l) (\/ﬁgﬁLdz‘/@t_l>‘|
L

1 T 1 n ) T 1 n ;
= (ﬁ;(t1)>tr<g§d§ﬁ?ﬁg>ﬁcp<1@; t1>tr<g;ﬁ?ﬁ?>0(1),

we have
1.=0,(1)
Similarly, since I, > 0 and
1 ’
Ell, = E|= Z éio — €it—1)

= tr

T n n !
Ti Z (% Zﬁ? (€0 — éitl)) (% Zﬁ? (€io — éit1)> ]
t=1 =1 i=1
S —tT < 26060,> -0 )

where the inequality holds by Lemma 6(b), we have

:I>—‘

which completes the proof of Part (c). B

Part (d).
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Notice that

1
_T HﬁOIelEflﬁO ﬁOIEI e ﬁOH _

T
ﬁOI (ET 1ET 1 Z€t€t> 0

t=1
T n n !
< HﬂO’ET VB, B +— Z (Zﬂ?eu) (Zﬂ?en)
t=1 = i=1
1 o o 1 T n 2
/!
< T ||ﬂ Er_Er_ (3 H +T; |< Zﬁ €Lt>

t
= I+ 114, say.

Using arguments similar to those in the proof of Part (c), we can show that
I;=0,(1).

For 11, note that

T n
_ 1 1 0 707 2
Ell; = T;tr (5 ;ﬂzﬂi FEej | -

Since sup; , Ee?, < M (see Lemma 6(a)) and £ 37, 3)6Y — X5 by Assumption 6,

1
FEIl; <M ltr (E ;g%?)] =0(1).
Since I14 > 0,
II;=0,(1), (22)
and we have all the required results. Bl

Part (e).
Denote I'c ; (h) = E (esteit—n) - Let e = (e, ..., em)/ . Notice that

2

ee - €t€§ ’ 1 S / /
E T = T =F Wzlzleteseset
t=1 s=
= n2T2 ZZE (Z €Zt€w> Zejtejs
t=1 s=1 i=1 j=1
1 T T n o n 1 T T 1 n
= EZZ nzZZFw Lej(t—s) +EZZEZEQZ€%
t=1 s=1 =1 j=1 t=1 s=1 1=1
i#j

IN

| IT 2 1 T L&

1 ( me) R Sr 5 SH/-EAv=e
t=1 s=1 3

= I.+ 11, say,

where the inequality holds by the Cauchy-Schwarz inequality.
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Under Assumption 2,

sup |Fe,z ( | < SUPZ |d1JdLJ+h| < ZJij+h “ 1:‘e (h) . (23)
v §=0 =0
So,
1 T T 2 0o
= 2 = 2
L <z D> Telt—5)"<%5> Te(h) (24)
t=1 s=1 h=0
Since
Zfe (h)2 = Z ZJ _J—HL szjdj—i-h S ZJJ < M, (25)
= h=0 \j=0 h=0 j=0 3=0
we have
RHS of (24) = O [ o
o T)
and so,
1
L-o(L).
Next, since

by Lemma 6(a), we have

T T n
He:%zzn_l?z E(e?t)E(e?s)O<%).

In consequence,

and so,

as required. W

Part (f).
Notice that

it f-OI /f() _ it T fOI —¢ i T T f fO/ n
nT T( ee ) = nT T ; Zes T nT ;; — €itCis
L7 L ! N . 2
= —Ztr —T;f €it _T;fteit :g; _T;ftezt




Denote I'y (h) = E (f2f ;) - Under Assumptions 2 and 3,

- liz%zsz(t—s)Fe,i(t—s)

)

IA
S5
M’ﬂ
M’ﬂ
=
T
&
=
T
V)
A
N[
M’ﬂ
M’ﬂ
=
T
=
N[
MH
MH
F‘
T
&

IA

2\/_\IZ||rf 2\]2Fe(h)2
h=0

where the first equality holds because f?iand e;+ are assumed to be independent, the
first inequality holds by the definition of T, (¢ — s) in (23), the second inequality is the
Cauchy-Schwarz inequality, and last inequality holds due to the summability conditions
of Assumptions 2(ii) and 3(ii).

Since ﬁtr (fo’ee'fo) >0 and E%tr (fo'ee'fo) < M, we have the required result,

niTtr (fYee' f°) =0,(1). 1

Part (g).
Letting b;; = (ﬁ?)/ﬁg, notice that

07 s 20 1 n n 1 n n T
(ﬂ ;;ﬂ) — ﬁtr Z ?Q; (Zgiﬁ%)ﬁzzbﬁze“eﬁ

=1 i=1 i=1j=1  ¢=1

= TZZ)”Zezt—i— TZZI)”Zeneﬂ—I +11,, say.

=1 j=1 t=1
i#j

First, since sup;;Ee?, < M by Lemma 6(a) and by Assumption 6,

sl <a (i (13- ) ) o,

and so,
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Next, for I1,, consider E (IIg)2 . Since

n o n n o n T
1
E(II,)? = bij—= Y eirej bri—= Y  €rseis
’L;éj k:;él
n T 2
< M QTZZIJ (TZ Ltejt> by the independence of e;; across @
i=1 j=1 =1
1#]
n o n T h
< keSS (35 (14 o o)
i=1 j=1 h=0
i#]
= 2
< ey (srer) -
i=1 j=1 h=0
i#]

where M and M are finite constants and the last convergence holds because (ZZO:O . (h)z) <

M by (25) and >0, > i1 7, = O (1) by Assumption 6. Therefore, we have
1#]

11, =0, (=) =0, (0.

and we have all the required result that

ﬂOIe’eﬂo B

Part (h).
We can write

1 07 1
— E
n n

1 n , n 1
= n\/ﬁ—T\/T ;ﬂ?%;ﬁjEjT :n\/ﬁ—T\/T Zzﬂ Zelteﬁ (Z%s)

i=1 j=1 t=1

1 & [ 1 —
ﬁ ;5?E (eit) <ﬁ SZ_;%;) H

n 1
< T nQZZﬂoXUT<\/—2€js> +g

i=1 j=1
= Ih+IIh7 say,

where X r = % Zle (eirejr — E (eireji)) . First, by the Cauchy-Schwarz inequality,

I, =
=1 j=1

Jnéinwu J I E0 ]
O

- OP (1)7

P 2

26



where the last equality holds because sup; ; EX? p < M by Lemma 7, 2371 || 69”2 =

O (1) by Assumption 6, and sup, ;- F¥ (ﬁ thl eit> < M.
Next, for some finite constant My,

EHh<— Zt (887 ( Z€1t> e%))” O<%>,

2
where the last equality holds because sup; E <ﬁ Zthl eit) < M, sup; ; E (e?t) < M,
B (ﬂoﬁm) = O (1) by Assumption 6. Thus,

-0, (L),

Together, we have the required result,
07 1 1
ﬂeeETH:Op< >+0p<5):op(1).l

S5

1

Part (i).
Since

1 /7
B e |

2

ﬂo €it

i=1 t=1

< 2 (%Ztr (6?6?’)) (Zre (h)) <M
=1 h=0

we have the required result,

0401 L S
ZtT (6:5:") T22Fe7i(t

t=1

\/% [8”€'lz| =0, (1). W

Part (i*).
Since
1 2 1 T T =n 1 T T 1 n
E [_ el || } = -5 ZZ E (eiteis) = —ZZ— Fei(t—s)
nT’ nT t=1 s=1 i=1 T =1 s=1 " im1
AN o

< = — <
< T;;Fe(t 5) ,2§re(h) < M,

and the required result follows. H

Part (i**).
Part (i**) follows because

Lyl 180 1], Jetr]
VT = v VT T

=0,(N+0,(1) =0, (1). W
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Part (j).
The required result follows because

1 T 1 n o
T;(ﬁﬁ;ﬁ Ez’t—l)

where the last equality holds by Part (c). B

2

BYELlr|| =

Ly
< =
_Tt:I

1 1 n
_ BB
ATVT H VnVT ; .

Part (k)
Part (k) follows since

1 1 n T
2 _ = 2
—lyl” = — > > i

i=1 t=1
1 T 1 n 1 n T
w(Frmr) (Ame) s 23]
t=1 =1 =1 t=1

= Op (1) + Op(l) = Op (1),

< 2

where the last line holds by Assumptions 7 and 6 and Part (e).

Part (1)
Notice that by the Cauchy-Schwarz inequality
1 1 n 1 T 1 T 2
o E | = |- ——= Eiq| < —— Ei 1] .
T RER L) D S L2y )

By Assumption ?7, £ 3" a? = O, (1) since sup; Ea? < M. Also, it is possible to

2
show that L Y% | (T_\I/T S Eit_1> =0, (1) (c.f., see Lemma 9 of Moon and Phillips,

2000). Therefore, we have the required result,

ﬁf o Byt = 0,(1). m

Proof of Lemma 10
Parts (a) and (b). Parts (a) and (b) follows because

IA IA
N
N N
| — | —
(= 11
Sl
= NM%
|
Nl = m;
- 100
M’ﬂ |
J— v,
E [
—
P o
=2
= <
N——
A =
3 =
=)
S
w
=2
=)
~

= OP (1)7



and

t=2 \s=1

- ) G

Parts (c), (d), and (e). Parts (c),(d), and (e) follow because

IA

and

IA

t—1

1< Ny’ 1 ’
/ - S5 /
(oot (X (55 ) )

t=2 s=1
1

T
Tl oy T p-
(ZZ ( T ) I P’) 66 ( T ( ) fOfO’N 5
t=2 s=1 q=1

p=2

n n

e > S E (00, B E

i=1 j=1

0(1)7

1 2 O/TtilTpil t—s—1 p—q—1 0 £0r 0
S S EE) YN ( d )( g )E<fsfq>E<eitew>m
=1 t=2 s=1p=2q=1
1 n T T B T T 1
o 2 B0 A8 (ZZR (t —p>> (ZZ 0y (s - q>|> -0 (;) ,
i=1 t=1 p=1 s=1qg=1

T t-1 T p—1
1
T Z ZE (6:0;) Z Z (t—s—1)(p—q—1)E (eiseitejqejp)
i=1j=1 t=2 s=1 p=2 q=1
) | oL roror | Lot ) 2
LR S 9 AR (59 HENSLATE)
i=1 t=1 s=1p=1g=1 t=2 s=1
1
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Parts (f) and (g). Parts (f) and (g) follow because

1 n t 2
n2T Z
tr

1
305%; Zen (Z — 1f£> 8
=1

n

i=1 i=
(n
n
=1

. #tr (ZZ

t—1 1

»>

S

n

DI

(3

1 P

niT4

M’ﬂ

~+
U
[\

1k=11=1 1

1yj =1p=2¢q
T T —1

0,03 > 3> (t—s—1)(p—q—1)B)BIE (eiei) BT E (£2£)') ﬁ?ﬁ?’ﬁ?)
=2

=1 t=2 s=1 p=2

~+
[y

n

S

1 s=1

—

i—1 j—

o R

1 1 n 0112 1 1 r z — 0 0/
< (AI) (G0 18] (FESmwie ) (7SIm0
=1 t=2 p=2 s=1g=1
_ %0(1)0,)(1)0(1)0(1):0(1),

and

n o n t—1
2T225050/9 Zen (Zt 7 1%)

=1 i=1 s=1

i

2)
n n n n T
= i (Z DDA LIS
i=1 j=1k=1I=1

=1 j=1k=1 1= t=2 s=1p=2 q:l
1

Parts (h) and (i) Parts (h) and (i) follow because

n 2 n 2
o (Z (1-7) fS) < ‘3<%Z||ﬂ?||2> E
i=1 i

t—1

s=1

and

B (v S (505

T
< f(E;IIﬂ%I?) (1 ii( )(1—%>fe(t—s)> :o(%) —0(1). M

t=1

Proof of Lemma 11
See Moon and Perron (2002). W

Proof of Lemma 12
See Moon and Perron (2002). W
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2.2 Appendix B: Proofs of the Results in Section 2.1

Proof of Lemma 1.
By definition,

Ltr (2., (Z-2Z_
T(ppool _ 1) _ nT 1( 1( 1))

nT? tr (Z/—lz_l)
We show
1 , ! / 1,
(a) mtr (Z?lZ,l) = tr ; By (r) By (r) dr ) ¥ + zw:
and
1 , 1 , 145 1 1 5
(b) ﬁﬁ" (Z71 (Z — Zfl)) = §t7" (Bf (1) Bf (1) E@) + Ewe — EtT (Efzg) — 50'6,

then the required result follows.

Part (a)
For (a), we show that

(1) —tr (21471~ 714 0) Z-1 0)) = 0, (1)

and then
1 , ! ’ 1,
(42) —5tr (22, (0) 21 (0) = tr /0 By () By (r) dr ) S5 + 507,
First, for Part (a1), notice that

Wtr (Z’,lz—l —Z'1(0)Z (O))'
< ol (2= 2 OV 2} + o o {20 O (21 = 24 0))

LIZa-2Odzal+12. 0 _ 1) _
< n T /nT =0y (%)—Op(l),

where the first equality holds by Lemma 9(a) and Lemma 10(a).
Next, for Part (ag) notice that

1 !
—tr (21, (0) Z-1(0))

1
= —tr(alp + BOFY + E")) (Ire/ + F2, 8" + E_y)
1

= %a/a+%l} (FglﬁOIJFE_l)aertT (ﬁOFE/1+E/_1) (F9160'+E_1)

= I,+2II,+ 111, say.

By Assumption 9,

1 — 1
=== a}=0, (=] =0,(1).
nT P oy p <T) OP( )
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Next,

((7F2) (8”a)
nT? nT?
ll E_ 1

1 < 0
T_ﬁ;Ft—l H Zﬁ Q; nT\/_

Under Assumption 3, T_\l/:? Zle F;_1 = O, (1). Under Assumptions 6 and 9, || £ >°7 #a; | <

Z{FE_lOé

(14|

IN

L

RS 02 = 0(1) 0y (1) = 0, (1). Also, by Lemma 9(1), 242 —

1) . Therefore,

11, =0, (%) —o0,(1).

Finally,

111, = %tr (ﬁOFO +E) (F°,8” + E_y)

or 0/ 20
- (52 (5F)) raaeer @i oo (2

= Il +2111p+ 111, say.

We start with I11,,. Notice that since tr(AB) < || 4] | B|| and using the Cauchy-Schwarz
inequality, we have

T n
1 1
gy = —tr (B°FY E_y) =tr (WZFH (;g?atl))
T
Ft 1
FT| 7

g

Under Assumption 3, + Zt 1‘
2
Elt
T Zt . H \/ﬁ Z 60 1 —

I, =0, <%> =0, (1).

Next we consider the term I11,,. Notice that under Assumption 3, we have

ELt 1

Y
1 < E ?
L 0 Lit—1
VI

IA

ﬁo

J%é

= fol | By (7")H2d7" = O, (1). By Lemma 9(c),

Ftl

i
O, (1). Therefore,

T22Ft \Fl 1;»/ By (r) By (r)' dr-

t=1

So, in view of Assumption 6 and the continuous mapping theorem, we have the required

result,
FO 0/ 20 1 ,
IIIaa:tr<( 7T2 ) <ﬂnﬁ >) =tr (/0 By (r) By () dr> b
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For I11,., by Lemma 8(a), we have

M- L35 8, -t

i=1 t=1

Therefore, we have the required result for Part (as) as (n,T — o0),

1 ! 1
—tr (Z.1(0) Z_1 (0)) = tr </O By (r) By (r) dr) Y5+ §w§.
Combining Part (a1) and (ag), we have the desired result for Part (a).

Part (b)
Notice that

%tr(Z’_l(ZfZ_l)) = %w(z’ < \/_TZ°1®+y>)

ny/nT
= —Iy+ 11, say.
For part I, by definition
1 ! 70 1 0/ 70
I, = WtT (Oészil(a) + WtT (Z,IZ,IG) .

Using similar arguments in the proof of Lemma 9(a), it is possible to show that

1258 _

So, by Lemma 9(a), we have

0 0 0
26) < —L_llel Jirll [ 2% 6] +LMMOP< )=o),

VAT Vi VT T T /T Vi

Next, for part 11, since

I, = niTtr (Zo1=Z-1(0)y) + nLTtT (221 (0)y)
- niT“" (21(0)y) +0p (1)

by Lemma 10(b), to have the required result, it is enough to show that

1

nT 27¢ 2 2

First, we have

nT nT nT

where the last equality holds since

1t
—tr
nT

Lt?" (Z 1 (0) y) = %tr (Bf (1) Bf (1)/ Eﬁ) + lw2 — ltT (Efzg) — —Ug.

Ltr (71 (0)y) = —=tr (allpy) + —=tr (2, (0) ) = —tr (2%, (0)) + 0, (1),



where the last equality holds by Lemma 9(i**).
Also, by definition, we may have

St (2 00) = 533 O = e 3 (0 - )

i=1 t=2 i=1

Using similar arguments to those in the proof of Part (a), we have

n n , 2
QnLT ZZ?T (0)* = QnLT Z (ﬂ? Fr+ Ez'T)
- %tr (FTFT> ( Zﬁ%”') +— ZET+O <T>

1 1
= 5t (B (1) By (1) Sp) + 5w

Next, under Assumptions 2, 3, 7, and 6, it is possible to show that

1 n T
=1 t=1
n

1 n , 1 T 1 T ; 1 n
- —tr( th )(E;ﬁ?ﬂ?>+2n_TZ;Z; _nT;fto <ﬁ;ﬂ?eit>

1
— 2tr(2f25)+20 +o0,(1),

where the o, (1) term holds because

1 1& 1< 1 (1 2\ & ’
0/ 0. - | = 0
mf;ﬁ, (%;ﬂi@t)‘ < NG (th_;Hft H ) ; Zﬁ Cit
— —=0,(1)0,(1)

NG

by the Cauchy-Schwarz inequality, Assumption 7 and applying similar arguments used in
the proof of Lemma 9(d), and the limit holds by Assumptions 7 and 6, and Lemma 6(c).
Therefore, we have the required result,

1 1 , 15 1 1 4
—tr (2, (0)y) = 3t (By (1) By (1) $5) + FWe = Ftr (Z%5) — 300
and we complete the proof. B

Proof of Lemma 2.

See Moon and Perron (2002). W

_ Before we start the proof of Lemma 4, we introduce the following Lemmas. Define
I, (j) = % > €iteityj, where the summation ), runs over 1 < t,t 4 j < T. Define A, ;

and @g)i
T—1 ] B
“Yw (h—) P\ ()
j=1
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and

We denote

13

< 3
Il

SEEE
jot

1< 4 1
~n2‘, ~92 ~n, _ ~4
ey WgT = — E Weiv and ¢, == » we,.
n n 4
=

Lemma 16 (a) Under the conditions of Lemma 4(a), \/n (5\: — 5\:) =0,(1).
(b) Under the conditions of Lemma 4(b), &2 —&? = o, (1).
(¢) Under the conditions of Lemma 4(c), (253 - &Si = 0p(1).

Proof of Lemma 16.

Part (a).
By the definition of é, we write

>

= 6*R1*R2*R3, say.

Define R = Ry + Ro+ R3. Let r;; be the (¢, z')th element of the (T x n) matrix R. Similarly,
define 7y, ;; with Ry, k = 1,2,3. Using this notation, we write

T-1 . n
vn (/\: — 5\:) = ﬁ Z w (%\) Z Z (€it€ityj — €itlit+j)
j=1

i=1 1<t t+j<T

T-1 . n
1
- Y w(L)E T s — e — )
j=1

i=1 1<t t+j<T
= I,—1II,—1I1,, say.

For I, by the Cauchy Schwarz inequality,
T-1 j TR
2
e 2o () L

Under Assumption 12, since % Do w <71%> — [0 w(z)dr < M,

T—-1 .
w <L> =0 (hy) (27)

, hx
j=1

Also,

1 1 1 1

2 2 2 2
— w=—||Ri+Ro+ R <2¢{—||R1+ R — || R: .
T 22 2o = s+ Rt Rl <2 S R Il
Since

R+ Ry foﬂO/ (PBK - PL;(J) + €PBK
= ePﬁo +y <PBK - PﬁO) ,
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2
1By + Roll” < 2|[ePao|* +2 [y (s, = Poo) |

60/6/660
nT

1 1 07 20 ., 1 07 20\ —1 .
Lllebal = b (ﬁo(”) ﬁoe)ﬁtr((ﬁnﬁ) ﬁoeeﬁo>
1

ﬁOlﬁO -1 . 50161860
(5) |(5)
/80/60

Since == — Y3 > 0 by Assumption 6,

First, since is positive definite,

n

07 20 —1
H (55) | -om.
and by Lemma 9(g),
ﬂO/e'eﬂO
Therefore,
1 1
L lepal? =0, (E> . (28)

2
Next, ﬁ Hy (PBK — Pﬁo) ’ =0, (%) because

el (=) [ < M VA (o -2 =0 () o

where the equality holds by Lemma 3 and the fact that J%,,E = O, (1) by Lemma 9(k).
Thus, from (28) and (29) we have

1 2 1
— 1R+ Ral* = O, <n> (30)

For % ||R3||2, notice that

1 2

1B
< 2T (j )’ L lrag, | +21 1) 2|20 i
< 21 (o = 1) 75 [t Qa, |27 pn = 1) 5 22405, |

2 1 2

217 |lp = L] — HZQlQBKH

2 (o 2\ 1 [l [lof® 122
< 30 =0 I (1, )+ L2 (s, )

[}

9 Z
+T <T2 llp— InH ) HnT;H <1+ HPBK’D

_ o, (%) , (31)
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where the last line holds because T (001 — 1) = Op (1) by Lemma 1, T'||p — I,|| = O, (1),
2> ||Z01|| = 0, (1) by Lemma 9(a)
O, (1).

Now, from (30) and (31), we deduce that

—ern ( >+o G) (32)

=1 t=1

2
, ‘PBKH = O, (1) by Lemma 3, and ||Pg:

Therefore,

oo (0 )0, (8) -0 (e (B 55)).

Next, for I1,, write

T . n
11, = W Z w <h_)\> Z Z eit (7“171‘,54_]‘ + roit+j + T3,it+j) = Iloq + Loy + [ge, say.
j=1 i=1 1<t,t+j<T

First, we have

T— T-1 .
1 1 J 0 70
e = S e(B)E ¥ wnw-gr (L) T dln o),
j=1 i=1 1<t,t+4<T j=1 1<t,i+4<T
= i
= tr (P~ —Po) —_— w<—> Z Bofo el
B B t+;6t
K nI i=1 hox 1<t t45<T
= i
< \/ﬁHpﬁ — Py | == w(h—) S 8% e | since tr(AB) < A B .
j=1 M olh<terj<r
From Lemma 3, we have
Vit | P, = Pwol| = 0, (1)

as (n,T — oo) with & — 0. Also,
T-1

Lt
ﬁzw(h%) > P

1<t t+5<T

Z h)\ \/— Z ftOije;

1<t t+j<T

S ST o]

H

1<t t+5<T 1<s,5+j<T
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Notice that

< ~
~L7JL
IS
/7~
3|u.
~
_

1 1
T2 Z Z tr (ft0+1 s+j (ﬁ Ze”e‘s>‘

1<t,t4+j<T 1<s,5+j<T

T-1 . n
7 1 1
< w (h_) T2 Z Z trE (fy;15%5) B (ﬁ Ze“eis>
j=1 A 1<t i4j<T 1<s,544<T i=1
T—-1 n
1 j 1 1
j=1 1<t,t+5<T 1<s,5+5<T i=1
T—1 . )
2 J — h)\
< — w | =— I'r(W)||Te(h)=0—=).
< T(.l (hk)Nan(n () (ﬁ)
j= h=0
Therefore,

1T_1w(i) S _O(m>
t+j%t|| — ~P )
nT,l h)\ J ﬁ

1<t,t+j<T

and

I, =0, (%) . (34)

Next, similarly to I1,, and letting ﬁ/KL be the i" row of BK, we have

T-1 . T—1 .
o 1 J / o 1 J /
Hay = oF _“’(hj> 2 etrwﬂ—ﬁjz_lw(a) > el e

j 1<t,t+j<T 1<t t+5<T
(1) (B () (FEen) (3500
= = = KiMKi |7 - w+jPKi - tFK,i
n N j=1 ha) T 1<t t+j<T a i=1 e i=1
I T N I = N 1 &
1 E) N (E (@) 5 S|
Jn ( n ) 2"\ TK; ﬁ; T \FZ "
Al o - fr-1 . T n 2
1 KBk (] ) 1 1 ~
< —= w( =— = — ) eulfk;
> \/’ﬁ < n ) g h)\ T; \/ﬁ; tﬂK
oo N\ | [T .
1 BrBr J Loy
— e —— _— _ t R
NG ( n e w N r nTﬁKe el | (35)

where the first inequality holds because tr(AB) < ||A||||B]| and the second inequality
holds by the Cauchy-Schwarz inequality. Since

BiBr  Bi' ()

oV

= AnT,K —p AKv

_K
vn
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where Ak is of full rank by Lemma 13(a),
Al A -1
BrbBk
n

S (i) —0(hy).

Jj=1

=0,(1).

By Assumption 11, we have

Finally,

1 . 1y -~ |2 1 ol 12 o2 )
tr (n—TﬂKeleﬂK) = n_THwKH §2n—T|\€H HﬂK—ﬂK +2n—T||€ﬂ (sl

= O (1) Op (1) + Op (1) Op (1) = Op (1),

where the first inequality of the second line holds since sup;, Fe? < M, by Lemma 15(b),

Lemma 9(j), and Lemma 14. Therefore, (35) = O, <£A-> , and we have

Jn

I, =0, <%> . (36)

Next, for I1,., using the Cauchy-Schwarz inequality, we have

I, </n (Ti:lw <h%>) \J niTi:ZT:e?t\l n%iirgw

j=1 i=1 t=1 i=1 t=1

Since supy, Bef, < M, 7 307, Yoimy ¢k = O, (1) Also, 7 50, 3 e = 7 | Rs|”
O, (%) by (31). Thus,

Ilae = /O (1) O, <¢LT> 0, (@) . (37)

In view of (34), (36), and (37) and since % — 0 under Assumption 10, we have

11.-0, () 0, (L) <o, (5] o (e 2.5} )

In a similar fashion, we can show that

h)\ nh2
11l, =0, (max{—n, T’\}> .

Combining I,,, I1,, and I11,, we have

G = on (e ) o (e {25




Under the regularity conditions of the lemma,

hx _
o pb—1/2

n

since b < % Next, for n,T large,

hav/m
VT

n1/2+b

VT

< p1/2(1+20—lim inf 255

1/24b
— 8T

since b < “T_l Therefore,

—0

_ 61/2(1+2b7 22L) logn

Togn

_ n1/2(1+2b7 L)

logn

)—>O

VR0 ) o s (22 520)) 0

as required. H

Part (b)
Similarly to Part (a), we write

>

= 6*R1*R2*R3, say.

Using this notation, we write

= j

~2  ~2

s - 5 e
nTj:fTJrl he

= j

= > w(E)

nTj:fTJrl he

= Ib — IIb — IIIb, say.

|
&
|

n
E E (€itlityj — €itlit+j)

i=11<t,t+4<T

n
E E (Tz‘tTit-i-j — €itTit+j — Titeit-i-j)

i=11<t,t+4<T

For Iy, by the Cauchy Schwarz inequality,

T-1

T

Under Assumption 11, since ﬁ 2=

_pw <72%> — [ w(x)de < M,

= = 28" (P, = P ) =Py = [(Ppoot = 1) lra" + (ppoot = 1) 2% + 2% (p— 1)] Q5.

(38)



Next, for 11, write

T—1 . n
1 J
I, = T Z w (E) Z Z eit (T1it+j + r2,it45 + r3,it45) = Llva + Loy + Iy, say.
j=—T41 i=1 1<t,i44<T
First, we have
j 1« (4
—_ — . . T — — I - —_ O O
e = & ¥ w(D)E X anw-g () ¥ d(n,-re)fs,
j=—T+1 i=1 1<t t+j<T j=1 1<t,t+j<T

-1 .
= w(-me) (7 X (L) X s

j=—T+1 1<t t+5<T

1
ﬁ\/ﬁHPfiK — Py

T-1 .

1 7 .

7 2 w(E)| X st | since trian) < g ).
j=—T+1 w

1<t,t+5<T

By Lemma 3, we have
V| Py, — P
as (n,T — oo) with % — 0. Also,

Ty (i) S e

j=—T+1 he 1<t t+j<T

Similar to Part (a), for some constant M,

T-1 .
7 1
Bl Y w(E)E XX e,
T+1 e

1<t t+j<T 1<s,5+j<T

=0p (1)

j 1 0 /
w <_> = Z fevjet
7——T+1 he ) | V/iT 1<t,t+j<T

. 1 17L
(B E T ) (F )
377T+1 i=1

1<t t+j<T 1<s,s+j<T
n
€it€is
=1

10>
S Y eEg, (z)

1<t t4+j<T 1<s,5+j<T

IA
M7
g
N
g‘|uA
VR N———
-

T—1 . n
1 g ) 1 1
= — Z w| — = Z Z trl'y (t—s) (— ZFe,i (t— s))
\/T j=—T+1 he J T 1<t i+ <T 1<s,54+5<T nia
M T—1 < ] > [e%s) ~ hw
< = X w(d)) | Zmeirm-o(3).
VT j=—T+1 h h=0 VT

1 = j 00 h,
7 2 w(m)| X s =0 ()

1<t t45<T
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Hence,

I, =0, <%> . (40)

Next, similar to I, and Part (a), we have

T-1 . T-1 .
_ 1 2 : J 2 : / _ 1 2 : J 2 : /
IIbb = n_T ) w <h_) ET2,t+5 = n_T w (E) etPBK Ettj

1<t t+j<T j=—T+1 1<t,t+5<T

n -1 T-1 . n n
1 1 At J 1 1 A 1 N
= —tr|| - E BriBr,i E w <—> — E <— E eit+;03 ,1‘) <— E eit3 ,i>
n [(n i=1 o ) (j_—T-i-l ho ) T 1<t t+4<T Vi e Vi "

<1<B’KBK>_1 Tzlw<g)1 i ER ‘1i63
< = R — it+iP K| ||~ 7= P K,
n " j=—T+1 s Tlﬁt,tﬂéT \/ﬁizl \/ﬁizl
Al A -1 T—1 T n 2
1 51{51{) <J) 1 1 ’
< = w | — = — eitBi i
n ( n j—;—i-l he thl \/ﬁ;
PV -1 T-1 .
_ 1\ BBk J Loy oz
= = ( ” Z w e tr ﬁﬁ}{eeﬁK
j=—T+1
1
= ~0,(1)0(h) 0, (1)
So, we have
hy,
=0, (%) @

Next, for 1., using the Cauchy-Schwarz inequality, we have

( S w(%)) (EETa A

j=—T+1 i=1 t=1 i=1 t=1

0 (h) O, (%) _o, (@) (42)

In view of (40), (41), and (42) and since 7 — 0 under Assumption 10, we have

m=o0,(ge)vo, (%) vo, (F) o (mn{ 2\ 2}).

in a similar fashion, we can show that

ho [h2
11, =0, (max{q, ?}> .

Combining Iy, I, and 111, we have
2
- = Op <max <%,h?w)> + O, (max{%", h_w}> =0, <max (%"7%>) .
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Under the regularity conditions of Part (b), since b < 1,

h _
N
n

— 0.

Also, by definition, for n,T large,

e ”_b_e
VT~ VT
because 2b < a = lim inf 11‘;%—271:

Therefore, O, (max (%, 3—%)) =0, (1), and we have

log 2 _ o4 (20— 1EE ) logn _ 4 (2—18T) _ 4 (2-timint $T) )

as required. W

Part (c)
Notice by the Cauchy-Schwarz inequality that

1 & 1
E Z ((’Di,i - a}é,i) = E Z ((’Dg,i - wg z) (C:Jg 7 + wg 1)
i=1 i=1
1 n ) ) 9 1 n )
S 05 ; (@2 —a2) - 2 (@2, + @)
2 n A _ 9 1 n . _ 9 8 n _
< r (Wi,z‘ - Wg,z‘) + ” (Wg,z' - Wiz) - Wg,i:
i=1 i=1 i=1

(44)

(45)

where the last inequality holds because (a + 2b)2 < 2a2 + 86 and va + b < \/a + vb. In

view of (45), the required result follows if we show that

1, 92 \2
(c1) n Z (wg,i - Wgz) =0, (1)
i=1
and
1y
(CQ) E Zwe,z = OP (1)
i=1
Part (c2)
Notice that
n 1 n 1 n
PO DL Rt W CoN Rt o) K St
i=1 i=1 i=1
o -\4
Since sup; wi ; < (ZFO dj> < M, we have
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Similar to (45), we have

\/5 n ) 1 .
= ; (@2 — Wg,i)z R ; (@2 — W?,i)zO (1). (50)

Since
~2 2 32 ~2 a2 12 he 1
sup B (wm — weﬂ-) <supVar (we,i) + sup (bias (weﬂ-)) =0 T +0|(—= 1,

if%ﬁﬂOwheanL
Using similar arguments used in (44), when 0 < g < 1, for n, T large,

b
@ L e(bf—Ligg:)logn _ n(bf—L}ggf) < n(bfliminf el -0
T T -
: 1 .. elogT - .
since b < 7 < a, where a = lim inf % > 1. Similarly, if ¢ > 1, for n, T large,
h nba _logT i iog log T
_¢N_ :e(bq J—logn)logn <n(bq llmlan_]ggn -0
T T -
since b < min {i, %} . Also, h—ﬁq — 0 since ¢ > 0. Therefore, we have
P
1 n > ) N2
— Q) (@es—weq) = o (1),
=1
and from (50), we have
1 n
~4 4
E (we,i - we,i) = 0p (1) . (51)

(2

[y

Thus, in view of (48) together with (49) and (51), we have the required result for Part
(02)7

Part (c;)
Next, for part (c1), from the decomposition

>
I

e— R,

44

e 18" (B~ B) = Py~ [(bgoat = 1) 0 + (s — 1) 224 + 2% (9~ 1)] Q

By



and letting r;; be the (¢,7)"™ element of the (T x n) matrix R, we have by the Cauchy-
Schwarz inequality that

1 — 2
i=1

1 n T—1 J 1
- E ; . w <h_> T Z (éitéit-i-j - eiteit_i_j)

j=—T+1 1<t t+j<T
1 n [ T—-1 ] 1 2
= E Z w (h_> T Z (TitTitJrj — €itTit45 — Titeit+j)
i=1 [j=-T+1 ¢/ T a<tari<T
R j 1 1 1 i
< EZ w<h—> T Z TitTit45| + T z €itTit45| + T z Tt Cit+j
i=1 |j=-T+1 @ 1<t t4j<T 1<t t45<T 1<t t45<T
_ 2
1 2 1 2
Lo | re _ \/TZlgthTit\/T dr<irj<r Vit T
J 1 1
< Ez w(h_¢,> \/T lgtSTezzt\/T Zl§t+j§Trz’2t+j
i=1 |j=—T+1 T T
] +\/T dict<rTh \/T Y i<ti<T €t
2 9 2
< Z w (_> - el iy | +2 w (_> - T T T e
j=—T41 he nF\T=H J=—T+1 he nF\T=H T
2 2 2 2
T-1 j 1 n 1 T , 1 n 1 , 1 n 1 ,
<2 > w(s > \F2rh = T2 T2
j=—T+1 ¢ i=1 t=1 i=1 t=1 i=1 t=1

(52)
Notice that

z(—z)—Z(—Z) 0, (e = ).

where the last equality holds by (32). Also, by the Cauchy-Schwarz inequality,

since sup;; Eej, < M by Lemma 6(a). Because Z;‘.FZ:ITH w (Tz%) = O (hg) , in view of
(52) we have

LS )" =002 0, (s ) <o, (nes {22 221

Since b < i,

~n2-1/2 .

3
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Also,

hi\/ﬁ n2b+1/2

1 logT ) 1 pisoclogT
= = e(2b+5_E§T)IOg” Sn(2b+2 lnnme—) =0

logn

since b < § < % — 1 (recall a = liminf % > 1). Therefore,

1 n . ~
n Z (Wgz - Wﬁ,z‘)Z =o0,(1),
i=1

and this completes the proof of Part (c;). W

Proof of Lemma 4.
Part (a).
In order to have the required result, by Lemma 16(a), it is enough to show that

V(AL =A2) =0, (1).

Along the same lines as the proofs of Theorems 9 and 10 of Hannan (1970), it is possible
to show under Assumption 2 that

. (\/ﬁ (;\: - )\Z>>2 - slz}p var (;\H) +n (Sfp bias (5\6)1))2 —-0 (%) +0 (%) )

if ETE\ — 0 in the case of ¢ > 13. So, we have

\/ﬁ(j\: —/\Z) =0, (max{\/%j, \/%}) ;

it 24 0 with ¢ > 1
First, since 2—1q < b,

n _
—7 ™ n(1—24b) _,
h)\
Next, for n, T large,
hi nbd lo (n_bq> bo— 15T\ 100 by & T bo—lim inf 1T
—)\N_:e g T :e( q_logn) Ogn:nq_logn <nq—1m1n log n *)0
T T -

since b < % if ¢ > 1. Similarly, QTA\ — 0. Therefore,
S\n )\n -0 h)\ n - 1
ﬁ(ei e)f p | Max ?7 h_iq 7011()7
as required for Part (a). W

Part (b).

3For details on this, see equation (B.27) on page 985 of Moon and Phillips (2000).
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Similar to Part (a), by Lemma 16(b), it is sufficient to show that
L —wpt =0, (1)

Along the same lines as the proofs of Theorems 9 and 10 of Hannan (1970), it is possible
to show under Assumption 2 that

, 2 ) 2
o . 1 n . . 1 n 3
FE (wz _ wg’ )2 = B (E Z (wii — Ewﬁ)) + (E Z (Ewii — wﬁ))

i1 i=1
< 1 2 bias (52.)) =0 (12) 1o (L
< E Sl;p var (we’i) + Sl;p 1as (we’i) = n_T + ? ,
q
if ﬁT& — 0 in the case of ¢ > 1. So, we have
hy, 1
~2,n 2n _ w -
Wt —wr" =0, (max{\/ ] }) .
Under the conditions in the lemma,
1
w0
and for n, T large,
b—1 nb—1 o on L. on
h_; N nT _ elog( T ) — o(0-1-1%T)logn _ b—1-1ET < pb—1-liminf {£L
n
since b<1l<a+1. Also,if ¢>1
b
he n?q _ elog(n;q) _ o(ba—1ET )logn _ | ba—{2T | bg—liminf 1T

since ¢ < min {1, g, %}, a = liminf ll—g‘g%. Therefore,

@ —wit =0, (1),
and we have all the required results to complete the proof. B

Proof of Theorem 2 :Parts (i) — (iv) in the proof of Part (b) in Moon and Perron
(2003).
We need to show that
Y 7 * *
By'lra' B — Bry'lra' By || _ 0, (1)
ny/nT P

~ > * *
B p=1,) 2% 2% (p— 1) Bk = By (p— 1) 2% 2%, (p — 1) Bk _ 1
TL\/ET = Op ( ) ’

! > * *
ﬂKZ%ZEl (p—1n) By — ﬂ}ézgllzgl (p—1n) Bk = 0,(1)
ny/nT P

o Z * *
B (p—1n) Z%yBr — 8% (p— 1) Z%yBk || )
TL\/ET - OP ( ) )

! > * *
B2 2By — BRI _
’Il\/ﬁT - Op ( ) )

! 2 * *
Brv'yBx — Bry'vBr || 1)
ny/nT - ol

(i) ‘

(i)

(iii) ‘

(iv) ‘

(v) ‘

and (vi)
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Part (i) holds because

Brcy'lra! By — Bity'lra! B
ny/nT
> * ! > */ > *
- (51{ - ﬂK) Y'lra' By Bry'lra (ﬂK - ﬂK)
= ny/nT * ny/nT

where the first equality holds by Lemma 15(b) and Lemma 9(i**).
Part (ii) holds because

Bel| 18 |
N S Op(ﬁ)‘)p(”’

! > * *
Bx (p—1In) Zg’lzgl (p—1n) B — ﬂ}é (p—1In) Zgllzgl (p— 1) Bk

ny/nT

PR ) i el 0, (F) =

nT?2 n

For Part (iii), by the triangle inequality and the Cauchy-Schwarz inequality, we have

\96 Il

B 2,70 (p— 1)) B — B 270 (p — 1,) B
ny/nT
- (BK - 5}})/ 2911291 (P - In) (BK - ﬂ?{) N (BK - @()/29/1291 (P - In) ﬂ?{
ny/nT ny/nT
B2 2% (p— 1) (By - B

* ny/nT

2 1 ~5ic)|
<o {W(I (re-s)]) f >

By modifying the proof of Lemma 15(a) and (b), it is possible to show that

Jo (3~} =on0

Also,
198kl  198°1 17 1 — 0,1
Jn n [Hk| = Op (1).
Thus, together with Lemma 9(a), we have
1 1
5= 0,1 {0, 1)+ 720, (0} = 0, (1).
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as required for Part (iii).
Part (iv) holds similarly since

Bic (p— 1) Z%yBx — By (p — 1) 2%y
ny/nT
(B = B3) (0= 1) Z%Bsc | ||83 0 — 1) 2% (B - )
= ny/nT * ny/nT
0 3 «
AL (16 of Bl - 1)
_ o, <ﬁ) — 0, (1).
For Part (v), notice that
‘ Bl 229 By — B 2324 Bic
ny/nT
(B — %) 28| |25 329 |z (s - 53|
= ny/nT * ny/nT
, 2
(BK —ﬂ}) Z3 18529 HZO’ <BK 6K>H
< +2
- ny/nT n\/_T
o (. _ p* 3 _ /
In what follows we show that
5 ax / 0 )
(v1) % =0p (1) and (vo) io\/ZJ_% =0,(1).

Then, the result of Part (v) follows.
First, Part (v2) follows because

ﬂO/Z% ﬂO/ZO ﬁOl (ZO ZO (0))
I
50'20 IﬂOII 125 — 25 ()]
R Mo
- 0,0)+0, ( ﬁ),

where the O, (ﬁ) term holds by similar arguments used in Lemma 11(a), and the O, (1)
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holds since

W
nT
- 60160 1 601611
- |5 A
— 00, (1) + 10p<1>=0p<1> (55)

NG

by Assumptions 6, 3, and Lemma 9(i). Next, for Part (v2), by the triangle inequality,

(B — %) 28
VnT
(- i) 220 | (- 55) (22 - 22 )
= T ! it
(Bi = B3c) H(BK-—ﬂ;)'E% H(ﬂK Bic) ( T——Z%(ODH
= T v T

= Vo+Vo+ V., say.
In view of (?7?), (??), and by the triangle inequality, we have
B/KelfoﬁmﬁoFTH fO/eﬁOFTH HB;{e/eﬁoFTH
+ +
ny/nT/T ny/nTT ny/nT/T

7 _
Bl 18]
+};\/_H7€kll Jn Jn JT

Bucl| [ £° ’5_02&+
Vol l|vaT || || vell [|VT

7 _
1Bl 18°]1 1l

- o (fF) e (B ) o

B eEr

n\/ﬁT\/T

Fr
VT

Bice'eBi
ny/nT

ZQE_K

T

'l

1

Similarly,

By f e By
n\/ﬁT\/T

Bll{elfoﬂO/ET
n\/ﬁT\/T
HBKH | E|

7

HﬂKH L' U I8N B | || Bre'eBr || | < 1B
T Vi vt v T |aymrE | P VIR

= \/gop(l) + % + \/gOp (maX{%%D ,
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where the last line holds by the same principle of the last line of Part V; with ‘E’IZ:I‘J =

|\e/ilT|| = O, (1) by Lemma 9 (i) and (i*). For the remaining term H%—;E\/;u, using

Jéi x = BrxAur x and B3 = B°Hy and by the triangle inequality,
cerd]
PN [

The first term is

|(Bic = BicyereEx |
R et

-1 -1 HﬂO/eleETH
A’ILT,KH ||HK H n\/ﬁT\/T :

Lox=sirece|

n\/—T\/— +’

1 -1
AnT,K A s

nT /n
1
O, (1) Op | max O, (1) =0,(1),
(10, (max { = f}) (1) =0, 1)
where the last line holds by Lemma 15(b), Lemma 9(e). Also the second term is
|3 ¢ eBr|
n\/_T\/_

by Lemma 9(h). Therefore, “f;;—;i;u = 0, (1) and so in consequence,

Vo =0, (1). (56)

ozt ety LBl o, 1), (110 () = 0 1)

Before we start the proof of V. =0, (1), we define
T
=3 (1-7)
t=1
and
a t
Er=S"(1-=
=3 (1)
t=1
where e; = (e, ..., ent)' . Using this notation, we write

1
OF:.

1 .
03 F; — NG

Zp — Z3.(0) ~ 7

Since E”I;IP M < M, we have
I£7
=0,(1
\/T p( )
and
S22
— =0,(1
sz - o

By the triangle inequality,

| (3= i) 0°F
T T

= Vea + Vep, say.
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Similar to V,, we have

308" F; FUe0B°F
Vea = N7 N7 oy, ST
7 7 0
1Bkl [|©8°] 175
Ry
+ZH k| T T JT
< 2 Hﬁxl\He’fOHHﬁol\l\@ﬁoHllFTH 1Bkll lleell |©8°]| 175

\/_\/_\/_\/_\/_\/_\/_nT\/ﬁ\/T

HﬁKH [08°|| 15
+ZHR v v ..

o, (Gr) v (e ) o o

Similar to V;, we have

Bre fO3YOE: BB fYeOE: Be eOF:
Voo < ‘ n2T\T +‘ n2TvT - n2TvT
1Bl OB |
+ZIIR | —= Jn T
< 2 HﬁKHHe’fOHHﬁOHH@ETH L LBl lleell [0 E; | Bi| 9Bz
= VT va aT v vaT v nT  nT — & v /nT
1 1 1 1 1 1
= oo (mms{G o) + 7o (s (G 7)) o0

>From V,, and V,, we have the required result that V, = o, (1) . Combining V,, V}, and
V. we have the required result for Part (v3), and in consequence, we complete the proof
of Part (v).

Finally, for Part (vi), notice by the triangle inequality that

By — By yB (BK - 6}})/ YyBi + BRY'Y (ﬁK - ﬁ}})

ny/nT ny/nT

(BK — ﬁ%)l y'y (BK — ﬁi%) - (BK — ﬁ%)l y'yBi + Biy'y (BK — ﬁi%)

B ny/nT
AK _ / 5 o« g% ! 1k

(Bx - 05c) vy (Bx - Bx) (Bx — 0%) vuBic

= ny/nT 2 ny/nT
(BK — 62%)1 y'yB°

< \/—Hﬁ - i T 1Hkl|

= VI, + VI, say.
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By Lemma 15(b) and Lemma 9(k), the first term

VI, = %op (1) = 0, (1).

n

Next we consider the term V'I;,. Using (??), we expand . Using ” ” <

ny/nT
, and (?7), it is not difficult to find that all

’ (Br—B%) v'y8°

‘yr‘f = 0, (1) by Lemma 9(k

n

the expanded terms of H w

’ are of order Oy, (\/Z) = 0, (1) (under Assumption

ny/nT
10) except for the term ’ﬁﬁfj%—Tyf H . Expand ﬁgjjﬁy—;’f by substituting f°3% + e for y
and apply the triangle inequality. Then,
Bye'ey'ys’
n2\/nT?
o || Bueed 08" | || Bie'e Ve’ | || Bue'ee FO87 6| || Byce’ee’es”
- n2y/nT? n2y/nT? n?\/nT? n2\/nT?
o
HﬁK@ eﬁKH ||H_1H fO/fO 0/ 20
ny/nT K T
B/Ke’ee’eﬁo

i’B_K

fO/ H ‘

n2\/nT?
1

ik (1)0(1)0, (max{\/_ \/1_}>O (1) + 2 T2

where the last line holds by Equation (??), Lemma 14, Assumption 7, Lemmas 9(e) and
, using B = BxApri and B = 8" Hy and

0y (1) Op (1) Op (1) +

B'Ke/ee/eﬁo

n2y/nT?

(f). For the remaining term ‘

the triangle inequality, we have

B/Ke’ee’eﬁo
n2y/nT?

Al
1 Preleeed’
nT, K TL2 \/HTQ

. /
o [[Br k) e eleelcd”
< nT,KH nz\/ﬁTQ + ‘ nT,KH ”HKH W
or sy 0
1 ﬁ 1 B e'ee’ef
< ||An —=|| T ‘ AnT,KH | Hrcll tr (W)

11 1
0,(1)0,(1)0, (max {5, T}) 0(1)+0,00,1)0, (J=) =0, (1),
where the last line holds by Lemmas 13, 15(b), 9(e), and 14, by Assumption 6, and by
||€||2 tr (ﬂ()/e/eﬁo) 1

BV ee’ e ee’e’ e
T( n2y/nT? "\Taymr? ) = n T nT NG » (1O (1)
due to sup;; E (%) < M and Lemma 9(g). From this, we deduce that ’ % =

0p (1), which leads to
VI(, = 0p (1) .
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Therefore,

HB}y’yBK —OiyBic| _, )

n/nT

as required, and this completes the proof part (vi). B
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2.3 Appendix C: Estimation of the Number of Factors

Proof of Theorem 3

The proof is similar to the proof of Theorem 2 of Bai and Ng (2002). Thus, we only
sketch the proof here.
Proof of Part (a).

First, notice that the required result follows if we show that for r # K,

P{PC(r) < PC(K)} =0

as (n, T — oo) with % — 0. By definition,

P{PC(r) < PC(K)} =P {WnT (BK,K) — Wr (Br,r) > (r— K) GnT} .

Now we consider two cases, (i) 1 <7 < K and (ii) K <r < K.
Case (i): 1<r < K.
Notice that
WnT (BIO K) - WnT (Brv T)
= War (Bi. K ) = War (Bic, K) + War (B, K) = War (8,7)

+WnT (ﬁ::v 7") - WnT <Brv T)
= L+ 1 +1II1I, say.

where 7 is the rotated matrix of factor loadings defined in lemma 15. In what follows,
we show that Iy and I11; converge in probability to zero and Iy converges in probability
to a negative constant. Then, since (r — K) G, — 0,

P{WnT (BK,K) — Wor (r) > (r— K) GnT} 0,

as required.
For Iy, notice that for 1 <r < K,

nT

tr (y (PBT - Pﬁi) g’)
nT
= 0,(1) 0y (1) =0, (1),

where the last equality holds by modified arguments used in the proof of Lemma 3 with
3, and (% and since H%’%H = O, (1). So, we have

War (Br,7) = War (BT, 7“)) < HPBT — Ps;

Il; IIIl —p 0.
Next, for I1; notice that

tr (9 (Ps; — Py) §')
nT

IIl = WnT (ﬁ;{vK) - WnT (ﬁ::,?") = WnT (ﬁovK) - WnT (ﬁ::,?") =
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since Hg, the rotating matrix defined in lemma 15, is asymptotically full rank K x K
matrix. Also, since

tr (9 (Ps; — Po) §')  tr(y(Po; — Py)y)

nT nT
99 Yy Yy
= ”((Pﬁzc—P@O) (n—T—n—T>)<||Pﬁ:—P5°H _n_TH
= Rl + 1Pl |2~ L2 = 0,010y ) =0, 1),

the required result that I1; converges in probability to a negative constant follows if we

show that tr(y(Pﬁ;;Pﬁo)y )

of y = f°8Y + ¢, we may write

tr (y (Ps; — P) y')
nT
tr (£°8” (Ps; — Po) 8°f”) | jtr (f°8” (Po: — Byo) ') tr (e (Ps. — Pio) €)
= - +2 +
nT nT nT
= Il + 2115+ 113, say.

converges to a negative constant. For this, using the definition

Notice that

tr ((Pg: — Pgo) €' f08” 1 $0 Y
12| = (B n;)ﬁfﬁ) <HP5;—P60H‘6{H?
1 / £0 0 1
< = (el + e[| 5] =m0 w0 0w =0,

where the first equality of the second line holds by Lemma 9(f). Also,

tr ((Pg; — Pﬁo) e'e)
nT

|13 < ||Pss — Pyo

= 0,0, (max{ = —=1) =0, (0).

where the first equality of the second line holds by Lemma 9(e).

The convergence of I1;; to a negative number can be obtained by following the same
lines of arguments in Bai and Ng (2002, proof of Lemma 3) or in Stock and Watson (1998,
(o~ E0 )

nT

IN

(1Psz [l + 1P )

proof of Theorem 2 on page 48), and we omit the details here. Thus,
converges to a negative constant, as required.

Case (ii): K+1<r<K.

We follow similar arguments in the proof of Lemma 4 of Bai and Ng (2002). For
K <r < K, we have

War (Brr) = War (B )

IA

)W,LT (ﬂ r) — War (8°, K)) v ‘WnT (8°, K) = Wy (BK, K)‘

W,r ( ) —W,r (ﬁO,K)).

A\

2 max )
re{K,K+1,..,K}

Since the set {K, K+1,.., I_(} is finite, we fix r and show that ‘WnT (B ) Wt (ﬂo, K)‘ =

O, (max {Z,£}). Then, since min {n, T} (r — K) Gpr — o0 if K+1 < r < K, as assumed
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in the theorem, we have the required result that P {WnT (BK, K) — War (A . r) > (r—K) GnT} —

0.
Let H," be the generalized inverse of H,, i.e., H.H,” = I,.. By definition, we have

Z:/ = fOH;’HH;’ﬁO/ +e— (i)pool - 1) ZTO/ - Zgl (ppooljn - p)

A N I
fOH:_Iﬁ'Ir‘ + fOH:_I (ﬁ: - 67‘) +e— (ppool - 1) lTO/ - Zgl (f)poolfn — p) .

Then,
Wor (8°,K) = War (B,.7)
r (1Quir) 1 (12,7)
nT B nT
1 (6 - (ppool - 1) ZTCII - Z91 (ppooljn - p)) Qﬁo (6 - (ppool - 1) lTO/ - Zgl (ppooljn - p))/

~ / R / /
-y - ( o (- 5,) + ) 2 ( o (81 - 5,) + )
€— (ﬁpool - 1) ZTO/ - Zgl (ﬁpooll‘n - P) " €— (ppool - 1) ZTO/ - Zgl (ppooll’ﬂ - P)

= %tr {e (PBT — PﬁO) e/}
~ _ ~ _ I
Fapt { ( Ry O(lf»pojl)fin p ) (P, = Pw) < Ry O(lf)po:l)fff ) ) }
~2—tr {e (P = P ) ((Ppoot = 1) b’ + 2% (Ppoaln — )}
——tr {fOHJ’ (5:-5,) Qs (5:-5.) H,.*fO’}

1 “ ~ * s
72@” { (e o (ppool - 1) lra’ - Zgl (ppool[n - p)) QBT (ﬁr N ﬁ’) ij()/}
= Io4+ 115+ 21115+ IV5 + 2V5, say.

First, for 115, since

o (ﬁ) ool — 1) lra’ (f) ool — 1) lro/ /
tr { (Pﬁr Pﬁﬂ) < +ngl (Ppoordn — P) +Z9pl (PpoorIn — P)

1, =

nT
~ ~ 2
H (ppool _ 1) Iro’ + 22, (ppooll‘” _ p) H
o Al o7
~ lTOc

2 T2 (Dot — 1)” Lo
S = HPA _ Pﬁo poo nT o 112

T { (T2 (ppoo = 1) + 72 1o~ 1)12) L0

1 1
= 70,0 (0,00, (5) +0, (0, m)

we have

11
11, <0, <maX{E,T}) ,

o7



as required. Next, for 1115, notice that

tr { (oot = 1) 120" + 22, (bgootln = 0)) (Ps = P ) €'}

I, <
2= nT
tT{(ﬁpOOl — 1) <PB — PﬁO) €IZTO/}
< -
- nT
1|7 (B = Pe) €72 il ) + (il ) Z21c)
2 nT
el R e’ZE +ZE’ e
1T Py = | S5 | + 31T (o — 1) L2772
< P; _Pﬂo 0 or
B 1”52 1 (p— In)+(p7[n)Z,16H
2 nT
1 1
= O, (1) (IIIzl + 5]1]22 + §IIIQ3> , say.
Since
1 |[€'lr]] [l 1
Iy < —— — =—0,(1)0,(1),
21—T\/T /_nT\/ﬁ Tﬁp()p()
we have
11
IIl5; <O, - = .
ot )
Next,
Iy + 111 —lO (1) <0, | max 11
22 23 — T P =~ Up n? T
_ (4
because HLZWH ) and [l 221 I"n;(” 2% _ O, (\/71_1T> A In view of

I115q, 1115, and 11153, we have the required result that

11
IIIQ = Op (max{g,f}) .

for IVs, notice that®

R * 7 07 £0O / * 7 !
o w{as, (5 ﬂr)Hi; rou (5 -5 |
x_ 7 g
< R v | )

_ 0, <max{%%}) 0,(1)0, (10, (1) = 0, <max{%%}) .

4The detailed proof is provided at the end.

5 Br—=Br _ AR TR (TR s
°The proof of —\/_% = max{ﬁ, ﬁ} is similar to that of Lemma 9(a), and we omit it here.

58



Thus,

11
IV, =0, (max{g,f}> .

Next, for V5 notice that

tr {(6 - (ﬁpool - 1) ZTO/ - Zgl (ﬁpoollﬂ - p)) QBT (ﬁ: - B'r) H;ﬁ-f‘(]/}
Voo = nT

tr {Hﬁ_fOl (6 - (ppool - 1) lra’ — Zgl (ppooll’ﬂ - P)) (ﬂ: - B/)}

= nT
tr {H;Lf()/ (6 - (bpool - 1) lTO/ - Zgl (ppoolj’ﬂ - p)) Pﬁr (6; - Bl)}
+ nT
1% ~ T £ e % -~

O A Il W r e s =

VT ' A (7 (s~ D)+ Tl - 1) )V
= —=0,(10,(1)(0, () +0, 1)+ 0, (10, (max{ 2. 1)

oot

and we have
11
Vo =0, (max{ﬁ, T}) ,
as required.

Notice that for any 3, = <ﬂofﬂ;_k) ,

Whar (ﬂ ) < War (ﬂrv ) < War (ﬂO?K) :

Then, in view of I1y, 1115, IV5 and V5, we have
N 1 11
0 < Wyr (ﬂO,K) — War ( ,,.,7") < n—Ttr{e (PET - Pﬁo) e’} +0, <max{g, T}) )

which yields

0 < —tr (ePge’) < —tr <6P6T6> <Oy (maX{E’TD '

Since
L : g e\ 1 (88 | el
ﬁtr(ePBoe) = {( n > n?T }SE ( n > nT
1
= gOp(l)Op(l)a
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we have

|
3
—~
o)
M~
S
m\
—
IN
-
VR

max l l
n7T )

and so,

Therefore, we have

’WnT (Br; T) = War (607 K) ’
and this completes the proof of Case (ii). B

Proof of Part (b).

Part (b) follows from the same arguments as those in the proof of Corollary 1 of Bai
and Ng (2002). H

Proof of M

For the requ;;:gd result, 1t is enough to show that
0/Z0
2l o0,
because w =0, (1) and
020+ 2PN g ) W22

1
nT \/_ V/nT o) V/nT
Since z? = Zi:l Py = Zizl pt_sﬂofs + Zs:l pi %,

w Zfo 0/

T
% Z £ (Z f?’ﬂo’pt‘s>
t=2 s=1

IN

it ()|

Notice that

2
1

T t—1
—=E|>_f (Zl fS’ﬁo’p”>

=2

~

T t—1 T 1
- 1tzzzp EffO/ﬁOltstqﬁOOOI
= _nT2 T t P P f f ]
t=2 s=1p=2q=1
1 T t—1 T p—1
= it Y Y BB A Y
t=2 s=1p=2 q=1
T t—1 T p—1 n
B 1 : X 0 07 2t s—q £0 p07 0/
)9 9 9 O A LTl
t=2 s=1 p=2 q=1 i=1
- 0(1).
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Next,

as required. W

e/ 0 _ _ 0r e
Proof of 221 I",z:;(p )22 _ O, (ﬁ)

By definition

||e’Z91 (p—1In) + (p—In) Z9’16|| Helzoleu
nT ~— 7 nynI?

And

le'22,0]]
ny/nT? n\/_T2

Zetzt 10
Zet <Z fOIﬁO/ t— s)

T

v (S

1

n\/_ T2 n\/ﬁT2

e

/ts) H

Then,
1 T t—1 2
et e (S ) e
t=2 s=1
T t—1 T p—1 !
- e (S e ve) (LS e o)
t=2 s=1 p=2q=1
1 T t—1 T p-1
= il (Z > D BYp et t?e;etfgj
t=2 s=1p=2qg=1
1 T t-1 T p—1
- et (DS S e () Ber i m )
t=2 s=1p=2q=1
1
- o—).
(=)
Thus,

T t—1
Zet (Z fglﬂO/Pt_s> e
t=2

s=1

o)
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Next,

1 T -1
e e (S )
t=2 s=1
T t-1 T p—1
= 3T4trE (Z Z el pi T 0% pP e e')
n t=2 s=1p=2q=1
t—1 p—1

Thus,

=0 ()

| (S ) e

And we have the required result that

|22 (0= 1) + (0= 1) 2%¢|| _ ) (L
T — O\t

3 Appendix D: Proofs for the results in Section 3

Proof of Lemma 5.
The proofs of Parts (a) and (b) are similar to those of Lemma 2(a) - (c), and we omit it.5

Part (c). Let Pg = I — Q¢. For a T x n matrix A, A} denotes the transpose of the #*
row of A. Then,

L (200 22, ) @)
= ot (€ (22 = 22 0) Q) — gt (P (220 = 220 (0)) Qpe).

In what follows we show that

ﬁtr (¢/ (221 = 22,(0) Qa) = 0p (1), (57)
and
Vi | et (P (22— 22, (0)) Quo) + (“9%2221 (%) har (mﬂ o, (1),
o (58)
Then, since 77 3¢y Yooy (5572) hur (s, t) fo Jo (r—=s)hy (r,s)dsdr = O (%), we

have the required result.

6Upon requestion, the details of the proofs could be obtained from the authors.
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First, for (57),

;Ttr (¢ (2% — 2°,(0)) Quo)

T T t—1
1 ! t—s—1
= \/ET ; (Z?*I - Zto—l (0)) nget 1/2+77T ZZ ( T ) ySQﬁoet

t=2 s=1
n T t—1 f_s—1
- S (T )
i=1 t=2 s=1
n 71
T t—1 5 o 1 o 0 1 n o
n1/2+nT Z Z T Z €is/3; n Zﬂz Bi N ZﬂL €it
t=2 s=1 i=1 i—1
= I,+11,, say.
Since
12 Tl Tl oy p—q-1
PO = Y Sy () (P Bleoeucnen)
t=2 s=1p=2q=1
2 T t—1
t—s—1 1
= S (——) - —o(1),
n21T? t=2 s=1 T "
we have
lo =0, (1)

E(1I7) = E%iZii(t_;_l) <p—;—1)

Il
)
N
:)—‘
+|l—= 3
[~}
3 i
~

so that
IIG' = 0p (1) )

which leads (57).
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Next, for (58) we write
Ttr (e Pc;< -7 (O)) Qﬁo)

1
g n t (e GkT Gk;TGkT) ! GZT (Zgl - Zgl (0)) Qﬁo)

T -1/
1
= —=tr (Z etg;;t> (ngtg;;t> (ngt (20, -2, (0))’%0) .
t=1 t=1 =1
-1 t—1

T T T _
t—
~ 7nlli0nTtr (Z etgi?t) (Z gktg;“) (Z Gkt Z < > e;Q50>
t=1 t=1 t=2 s=1
t—2
t—s—1 t—s—2
() () )

T T -1 /7
1+27,Tt7“ (tz: etgkt) (; gk’tgllct> (Z gkt
T -1 7
, t—s—1 t—s—2 t—s5—-3)\ ,
n1+3I]T (Z etgkt> (; 9kt9m> (; Gkt ; < T T T engo
= Ly+ I, + 111, say.

o~ UJ
@ ,_.

First, notice that

" T Tl oy
B Y YY (S e () Qe
p=11t=2 s=1
M T T t—1 ¢ s 1
_ 6 o
- 7n1+7]T2 ZZ <T> hkT p; <Z eu,%p)
p=1t=2 s=1

n

1o T T t-—1 1 . o -1 ) .
+n1+nT2 ZZ <T> hkT p, Zezsﬁ Zﬁ ﬁ ﬁ ‘ ﬁjejp

i=1 j=1

A direct calculation shows that

2 1
E (\/EIbZ) - O <m> )
which yields

Vnlys = o0, (1)
Also,

safes (BREE (<)o) |]

_ Mg | Ly %251Zt 2 e ( £=1) hier (D, 1) eiseip 27 1
= n27]E[ nz{ -F TLZP IZt QZ (7 fl)hkT(p’t)eiseip} O<n2"l>7

SO
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which yields
Ib = Op (1) .
Next, we split two cases. When k = 0, hor (p,t) = 1, and we have

T t—2

2 _op 1 t—s—1 t—s—2
i = s EER () (55
s=1

p=1t=3

— 0, () o0

because n > % in the case of k = 0. Similarly, we can show that
VnlIll, = o, (1).

For k =1, we write

ue 1 & t—s—1 t—s—2\ ,
I, = D piEenTe ;Z har (p,t) T T €sQpoep

= Iy + 1o, say.
For 111, we split the term again as

Iy, = 1y — E(Ily) JFE(Ubl)

T li 7 Zp 1Zt 5D e 1h1T (p,t) (5=51) (=522) eseap
1 2\ ~E (e S X £ e (018) (5572) (572) eveer)

L3 —-s5—1 t—s5—2
2n2I]TZZZh1Tt$< T >< T >

t=3 s=1

Then, for some constant M; and M, we have

E (\/EIIbl)Z

2

- T2 Zp 121& 323 1h1T p,t ( ( T )ezse”,
i=1 *E( Zp 1 Yty st I (1) (4 _%_1) (=72) eiseip>

T
M. 1 t—s—1 t—s—2
t=3 s=1

IA
SIS
s
:|H
™
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because 7 S S0 hur (1, s) (5571 (52522) — [ [ (r — 5)* h (r, 5) dsdr = 0. There-

fore,

Vnlly =o,(1).
Finally, we can show that
E (ValIL)* =n'=310 (1) = o (1),
which yields that
111, = 0, (1).
Then, we have all the required results for Part (c). B

Part (d). Here we show that

7 [t (2-1(0)Qp 22, (0) Tdat—1 1 & [t—1 s—1
% ( — 1 )(TZTEZZrmn(T, T >hkT(t,$)> =0,(1).

Then, since

the proof of Part (d)~is done.
Since Z_1 (0) = F°, 8% + E_1, we have

1 ~ ~
Wt?" <Z91 (0) Qﬁozgl (O)/>

1 ~ ~
Wt?" <E,1Q50EL1>

1 ﬁOIﬁO -1 =, =
s (P15 - e ((52) o088

Using similar arguments in the proof of Lemma 9(c), we can show that
-1 _
1 B O B g0 1 8Ys°
nl+n/nT? " << n BB Eap = nl/2+n n

1
Op <n1/2+n) ’

Therefore, to have the required result (59), it is enough to show

ﬁ M ( tit _Tiii <t_1 Sgl)hkT(t,S)> =0, (1),

|
N,

’ﬂl*—‘

n" nT

66



which follows by a direct calculation that leads to
NG ”(E—lE'—l) I gnt—1 1 e t—1 s—1 2
S o e (TZT m S (g )hkT(tv$>>

- 0<%) —0(1),

and we have all the required result.

Part (e). Notice that

HZgl - Zgl (O)H = Op <Tn1/2777>

because

1 0 0 2 a 2
nl—2nT?2 HZ—1*Z—1(O)| nl 2’1T2 ZZ Zit—1 — zt 1(0))

=1 t=1

2
t—s—1
- HES (S (5w o
i=1 t=2 \s=1

by Lemma 10(a) and (b). Then, the required result follows because for some constant
M >0,

2

et (22 - 22 0) Q@ (220 - 22 0)) ) < wi/-ut 22 Zi O _ g, (o)

n1/2+nT2 nl-2n72

and since 1/6 < 7 in both model k = 0 and k = 1, n'/273" = 0 (1), as required. W

Part (f). Define

t

1t ,UJQ Z ( "T) 361‘5.

s=1
Let
Ei (o) = (Bt (1g) - Bt (19)) 5
/
E_i(pg) = (01 (1g) s Eroi(1g)') -
By definition,
E_1(0)=E_,.

Using this notation, write

(72— 220 0) @ 72, 0)

1
= et (Qa (B (1) = E-1) Qe B, Qc)

1 1
= Tararzt (E_1Qc (B_1 (1g) — E—1)) — ey oL (Qa (E-1(ng) — E—1) PoE"1Qq)

= If*[]f, say.
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Then,

1 ﬁO/ﬂO -1 o )
Hy = peyCEey L < n ) BYE" 1 Qa (E-1(pg) — E-1) 3

07 70\ —1
B n3/2-1mT2tr<<ﬁnﬁ) BYELy (B (Ne)E—l)ﬁ())

1 ﬂO/ﬂO -1 o 1 o
T n3/2nT2 tr << n ) BYE" Grr (GirGrr) wr (E—1 (1g) — E—1) B )

i (( Zﬁ°6°’> ZZﬁZ( )£ ﬁ)

i=1 j=1 t=2 5=

n T t—1

-1
; n — fos—1 :
+7n3/2+2”T3 (( Zﬁoﬁ()) ZIZ Zﬁ ip— 1hkT (ps )( ;—> ejsﬁ;))
i=1j

=1 p=2t=2 s=1

= Iffa — Iffb, say.

A direct calculation shows that

1 1
IIfa :Op <W> =0p (1) and IIfb = Op <m> = 0Op (1)

Also, for Iy,
T

Iy = n1/2+2nT2 ZZ

i=1 2

T

n1/2+2I]T3 Zl Z

(5 (55 e
(=)

> Eip-1hir (t,p)

t=
3 t= p=2

l\J

Notice that

1 (2 t—s—1 1 (2 t—s—1 a
E (ﬁ > (Z ( T ) eis) Bi-1 - 73 Z (Z < T ) e“) > Eiprhir (t,p)>
t=2 \s=1 t=2 \s=1 p=2
T t—1 T min(t,p)—1
1 t—s—1 1 t—s—1
S 5) 3l (CLEL T o SYRIETND Sl (=
t=2 s=1 t=2 p=2 =1

1 o 1,1 min(r,p) 1
= / / (r—s)dsdr — / / hi (r,p) / (r — s)dsdpdr + O <—) .
o Jo o Jo 0 T

Notice that a direct calculation shows that

1 pr 1 pl min(r,p) 1
/ / (r —s)dsdr — / / hy. (r, p)/ (r — s)dsdpdr = 3 for k =0 (so that hy (r,p) = 1)
0o Jo o Jo 0

and

1 pr 1 ,1 min(r,p)
/ / (r—s)dsdr — / / hy (r, p)/ (r—s)dsdpdr =0 for k = 1.
o Jo o Jo 0
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Then, for model k = 0, it is possible to show that

-1
1/2—21 T D Y <Z o (& )Qs) Eit1

AT it Zt 2 ( )sz_z Eip_1hir (t,p) =0y (nl/zfzn) =0, (1)

Iy = —pon

because n > %, and for model k = 1, it is possible to show that

E(I3) :0(%) =0(1),

SO

as required. W
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